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TOPIC 1
RELATIONS & FUNCTIONS

(i) Domain, Co domain & Range of a relation

LEVEL I
1. Domain :{ 3, 4, 5}; Range ={3, 4, 5} ; Co-domain={1, 2, 3, 4, 5}
2. R=1{(1,8),(2,9),(3,10)} Domain = {1,2,3} Range = {8.9.10}
2. Types of relations

LEVEL Il
1. Sol: Not reflexive va#a—2VaeEN&a>6
2. (i):Reflexive: Risreflexive v ais divisiblebyaVa €N
(ii): Symmetry: Ris not symmetric * ais divisible by b

& b is not divisble by aVa,b € N
e.gifa=4&b=2
4 divisible by 2 but 2 is not divisible by 4
(iii) : Transitive : R is not transitive

Let aRb & bRc = ais divisible by b & b is divisible by ¢
=>a=mbforsomeme€?Z.........(i)

= b =ncforsomen€Z................. (i)

From (i) & (ii), we get a = mb = m(nc) = (mn)c forsomemn € Z
~ aisamultiple of c = ais divisible by c

~ Risreflexive & Transitive but not symmetric
3. R={(ab):a> b}

(i) Reflexivity: Ris notreflexive wa®»aVvVa€N
(ii) Symmetricity: R is not symmetric
Let (a,b) e RVab €N
>aRb =>a>b=>b<a=b*a=(ba)&R
(iii) Transitivity: R is transitive
Let (a,b) € R&(b,c) €R

2a>b.....())&b>c.....(i0)



From (i) & (ii)a>b >c > a>c=(ac) ER

~ Ris neither reflexive nor symmetric but transitive.

4., R={(a,b) eR iff 1+ ab> 0Va,beR}
(i) Symmetricity:

Let(a,b)eER=>1+ab>0=>1+ba>0= (b,a) ER
~ R is symmetric
(ii)Reflexivity:
Risreflexive 1+ a.a > 0Va €R
=>aRa Va€eR
(iii) Transitivity: Let a R b & bRc

>14+ab>0 & 1+bc>0

Letustakea=1,b=7 ,C=—2

1+ b—1+1(_1)—1 1oy
av = 2)- 7272

~1
&1+bc=1+<7)(—2)=1+1=2>0

Butl+ac=14+1+(-2)=1-2=-1%0

~ Ris not transitive
5 :R={(x,y) /x—3y=0i.ex =3y}
~ R =1{(3,1),(6,2),(9,3),(12,4)}

~ Ris notreflexive +~ (x,x) # RVX€EA
~ Ris not symmetric = (x,y) ER # (y,x) ERVx €A

~ Risnottransitive ~ (x,y) ER # (x,z) ERVx,y,z €A

LEVEL Il
1. R ={(a,b):|a — b| is multipleof 3
(i) Reflexive : *+ |a —a| = 0 is multiple of 3



=~ Relation is reflexive
(ii) Symmetric : Let (a,b) € R = |a — blis divisble by 3
= |—(b — a)|is divisibleby 3 = (b,a) € R
(ii) Transitive (a,b) € R, (b,c) ER
= |a — blis divisble by 3 &|b — clis divisble by 3
= |(a—b) + (b — ¢)|is divisble by 3
= |a — c|is divisble by 3 = (a,c) € R

2. (i) Reflexive(a,b)R(a, b)
= a+ b =Db + a which is true

-~ relation is reflexive
(ii) Transitive If(a,b)R(c,d) & (c,d)R (e,f) Then (a,b) R (e, f)

Now(a,b)R(c,d) = a+d =b+c (1)
&(c,d)R(e,f) = c+f =d+e (2)
Adding (1)&(2) a+d+c+f=b+c+d+e which is true

~ relation is transitive

(iii)Symmetric Now(a,b)R(c,d) = a+d =b+c
= d+a=c+b= (c,d)R(ab)

~ Relation is symmetric

3.Let A be the set of all the polygons
R = {(P;, P,): p1, P;have same no of sides

Reflexive : Since P, &P, have same no of sides
(P, ,P,) ERVP € A . R is reflexive
Symmetric: Let(P;,P,) €R

= P, ,P,have same no of sides



= P, ,P; have same no of sides
~ R is symmetric
Transitive: Let(P;,P,) € R& Let(P,,P;) €R
P, ,P, have same no of sides
P,, P; have same no of sides
P;, P;have same no of sides
= (P,P,) ER
- Ristransitive
Hence R is an equivalence relation

Let B be the set of all the polygons related to the right angled triangle T with sides 3, 4,
5.Therefore set B contains all polygons with three sides.

~ B ={P:(P,T) € Rwhere P is a polygon with three sides.

4.Sol: RonA = {x:x € Z,0 < x < 12}
R = {(a,b): |a — b| is multiple of 3

Reflexive|a — a| = 0 is multiple of 3
-~ Relation is reflexive
Symmetrica,b € R
|a — blis divisble by 3
|—(b — a)lis divisible by 3
(b,a) ER
Transitive(a,b) € R, (b,c) ER
|a — blis divisble by 3
|b — c| is divisble by 3
|(a—Db) + (b — ¢)| is divisble by 3

|a — c| isdivisble by 3



(a,c) ER

5. Sol: Reflexive(a,b)R(a, b)
a+ b = Db+ a which is true

=~ relation is reflexive
Transitive
If(a,b)R(c,d)
(c,d)R (e, )
Then(a, b)R(e, )

(a,b)R(c,d)a+d =b+c

(c,dR(e,f)c+f =d+e

Addinga+d+c+f=b+c+d+e which is true

- transitive
- relationistransitive
Symmetric
(a,b)R(c,d)
a+d =b+c
d+a=c+b

= (c,d)R(a,b)

=~ Relationissymmetric

6. Aisasetoftrianglesin a plane
R is a relation defined by
R = {(Tl’ Tz): Tl' TZ € A&Tl"'Tz}

T.P.T: R is reflexive:



V T € A, T~Tbecause each triangle is similar to itself
~ R is reflexive relation......... .o oo oo
T.P.T: Ris symmetric:

Let TlR TZ = T1~T2 Where Tl&TZ € A

= T,~T;
= T,RT;
Thus T;RT, = T,RTy
~ Ris symmetric relation ... ... ... ... ... ... 11

T.P.T: Ris transitive
Let T;, T,&T; €A
Where T;RT, & T,R T3
= T, ~T,&T,~T;
= T;~T; = T;RT;
~ T;RT, & T,RT; = T;RT;
~ Ris transitive ... ... ... coo v oo
From[,Il & III, R is equivalence relation.
Triangle T1 with sides 3,4,5 is similar to triangle T3 with sides 6,8,10
« Ty~T; = T,RT;
(iii)One-one , onto & inverse of a function
LEVEL I

1.Sol: Iff(X) = X2 — X_2 = XZ — i

f(l) = (1)2 —x2=x?-x*=—-(x*-x7?) = —f(x)

X X
f(%) - _f(x)



2. Sol:f:R — R givenf(x) = x2
Injective Letx; = 2,x, = —2

f(x,) =4
f(xz) = 4 = f(x) = f(x;)
Surjective : Lety = —5 € R be any element
f(x) =-5 2x*=-5=x=+V-5¢R

for y = —5 there is no element in R ~ f: R = R is not onto

3. Sol: Injectivef(x) = 2x
Letx,x, EN

f(x1) = f(x3)
2X1 = 2X2

X1=X2

Surjective : for any y € N fx) =y
=>2x=y

y

y
x=3 VEeNAZ

f(%) =y = fis not onto

1 x>0
4, Sol:f(x) =4 0 x=0
-1 x<0

Letx; = 1,X, = 3 be two real numbers
f(x) =f(1) =1
f(x) =1f(3) =1

f(x1) = f(x,)forx; # x,



~ f:R - Ris not one — one

Also Let y=2€R

i.e. f(x) =2
But Range is (—1,0,1)
Clearly there is no value of x for which f(x) = 2
~ f:R > Risnotonto

Hence the function is neither one — one nor onto
5. Sol: A={-1,0,1} B ={0,1}

f(x) = x?
f(—1) 2 =
f(1) 2 =1

It is not one - one. - It is not bijective

6. Sol:f(x) = E;X;ﬁ 1 fi(x) =?
Let —x_1:> +y= 1> =1
ety =-——7=2yr+y=x yx —x = y
+1
:>x(y—1)=—(y+1):>x=—(y—>
y—1
x+1
'.'f_l(x):_<x—1)
+1 14xy —-1 2
o =s () (2B -5
f(f (X))—f< <x_1 =f T—x) " x "2 x
1-x
LEVEL Il

1. .yes, f is one-one

2. Sol: Let y = f(x) = x = f~1(y)
2x — 7

.'.y: 4




4y =2x —7

4y +7

B 4y +7
f~1(y) =

3.solu::f:{a,b,c} — {a,b, c}
f is one — onefunctions

Q4 Sol: f:R - Rf(x) = 7 — 2x3

One — one

f(x1) = f(x7)
=7 —2x°=7—2x,3
= 2x,3 = 2x,3
3

= x13 =Xy

:>x1=x2

4x + 7

= f1(x) =

II IV \Y \%!

Let for x4,X, € R

~fis1—1

10



Onto Letf(x) =y

7_
ny=7-2x332x3=7—-y=>x3= Zy

= for every y € R3a unique X ER s.t f(x) =y

~ f is onto

~fis onto &1—-1

05 Sol: Flx) = 3x2+ >

3x+5 2y —5
Let f(x) =y ~y= > >2y=3x+5 =x= 3

Let g: R — R such thatg(y) = 3

3x+ 5 >
gof(x) = g(f(x)) = g( X2+ ) = 3 =3 =X
~gof(x) =x =1

2v—5 3(2=2) +5
fog(y) = f(g(y)) =f( y3 )= ( 32)

2 2 =Y

_2y—-5+5 2y
~ fog(y) =y =1
.'.g:f_l

2x—5

s T =g =

11



LEVEL Il
1. Sol: f:R — R defined by f(x)z%,xER

TP.T: fis1—1
Let f(x,) = f(x,) for x;,X, €R

2X1—1_2X2—1
3 3

=

=>2x1—1=2x,—-1
= 2%, = 2Xp; D X1 = X,y

W f(x) =f(x) 2%, =%, 2fis1—-1
T.P.T: fisonto

Let f(x) =y for x,y €R

2x—1 3y+1
= = =
3 y or x >
3y+1
~Vy€EeRIx= > €R
fis onto

f is1 — 1, onto & hence invertible

3y+1 3x+1

Also f(x) =y =2x=f"1(y) ~f1(y) = 5 or f1(x) = >

2. Sol: f: R, = [—5, ) defined by 9x% + 6x — 5
()T.P.T f is1—1
Letf(x;) = f(x,) forx; = x, € R,

= 9x,;2+6x; —5=9x,%2 + 6x, — 5

= 9x;2 + 6x; = 9x,% + 6x,

= 9(x12 —x2) +6(x; —x3) =0

= 3(.7(,'1 _xz) + (3x1 +3x2 +6) =0




=3 —x) =0 (“3x;+3x,+6#0Vxy,x, ER,)
Sx—xX=0 2x =x,
Thus, f(x;) = f(x;) = x; =X,
~fisl1-—1
(ii)T.P.T: fisonto
Let y=9x*>+6x—5 ,Vx € R,wherey € Range

>9x2+6x—(5+y) =0

_ —6+/36+36(5+y)

=X 18
oo 6[-1 ii/s(y +6] L [-1+ w/3(y +6)] X ER,)

Thus V y € Range, 3 x € R, (Domain) so that f(x) =y

= fis onto

from (i) &(ii), fis1 — 1,onto & hence invertible
Alsowhenf(x) =y =>x=f"1(y) Vx€ R,& y € [-5,)

s0 F1(y) = [—1 + 3(y+ 6)]

Hence proved

3. Sol: f(x):R — R, defined by f(x) = 4x + 3
()T.P.T: fis1—1

Let f(x,) = f(x,) for x;,x, €R
= 4x; +3 =4x,+3

= 4(x; —x3) =0

=>x—Xx, =0

> X = Xy

o f(Xl) == f(Xz) = Xl = Xz o f IS 1 - 1



(i))T.P.T: f is onto

Let f(x) =y for x €R, y €ER

>4x+3 =y

y—3 y—3
=>sz Vy € R3Ix €R such that X=—0
~ fis onto
f(x) is both 1 — 1, onto. =~ f(x)is invertible

Also f(x) =y Vxy€R

-3
= x=f(y) =2~

_ y—3
~ f 1(y)=T

4. Sol:  f(x):R —> R defined by f(x) =x3+ 4
()T.P.T: fis1—1

Let f(x;) = f(x,) for x;,x, €ER

= x3+4=x3+4

> x°=x3> x,=x,
Thus, f(x,) = f(x,) = x; = x, for x;,x, ER
~fis1—1

(ii)T.P.T: fisonto

Let f(x) =y for x,y €R

> x3+4=y

1
> x3=y—4> x=(y—4)3



Vy ER, Ix€ER s.tf(x)zy&x=(y—4)§
A =y=>1f7(y) =x
Ly = (y - 43

(iv) Composition of functions

LEVEL |
1. Sol: f(x) = e**g(x) = logvx,x > 0
O+ g x) = f(x) + gx) = e** +logVx,x > 0

(iDfg(x) = f(x).g(x) = e**.logVx,x > 0

(ii)fog(x) = f(g(x)) = f(logvx) = e?!o8Vx = elos (N = gloex = x

11 2
(iV)gof(x) = g(f(x) = g(e*) = logy/e™ = log(e?)2 = 7 log(e™) = =

2.Sol: f(x) = ’;—1

141 1+4x x+1
X
'f(1>— f
o " = (X)
——-1  1+xn 1 1
e
X —241 x—1 - f(x)
X x+1
(3=
x)  f(x)
LEVEL Il

1. Sol: f,g:R —» Rf (x) = |x|&g(x) = [x]

fog (g) - f(g (;)) - f([; ) = £(2.5]) = f(2) = |2| = 2
- fog (;) =2

X

15



gof(—v2) = g ((—v2)) = g(|-v2|) = g(v2) = [vV2] = [1.414] = 1

gof(—\/i) =1

2. Sol:f(x) = %

x—1\ —-1 x—1-x-1 1
f(f(x):f(x+1>:§+1:x—1+x+1:_§
X+1
= f(f(x) = —i
3. Sol: Ify=f(x)=§:r:

3x+4

fof(x) = f(f(x)) = f(SX b 3)
3x+4

B 3(—5§_3)+4 _9x+12+20x—12  29x

_5(3"_+4)_3_15x+20—15x+9_ 29
5x—3

=X
=~ fof(x) = x

4. As gof(X)=fog(x) = gkx) = f1(x)= gx) ==

10
5. Asf(x) :(3—x3);, fof(x) = f(f(x)) = f<(3—x3);> = x.
6. f(x) =x%g(x) =2x-3

fog(x) = f(g(x)) = f(2x —3) = (2x — 3)? = 4x? — 12x + 9

(v)Binary Operations
LEVEL |
1. Sol:axb=L.C.M of a,b
3%5=LCM of3,5 =15

2. Sol: axb=H.C.F of a,b
20%16 = H.C.F of 20,16 =4

3. Sol: Let e be identity element a x e = % —a=>e=05

16



4. Sol:a*b = a+ 3b?
2%4=2+3.42=50

LEVEL Il
1. Sol: A = NXN (a,b)*(c,d) =(a+c,b+d)
a)Commutativity

(a,b)*(c,d)=(a+c,b+d) =(c+ad+Db) =(cd)*(ab)
~ (a,b) * (c,d) = (c,d) * (a,b) Vab,cd €N
b) Associativity
Let(a,b); (c,d); (e, f) € NXN
(a,b) = ((c, d) * (e,t)) =(ab)*x(c+ed+1
=(a+c+eb+d+1f)
((@b) *(c,d) * (e, = (@+cb+d)=(e0
=(a+c+eb+d+1)
s (ab) * ((c,d) * (e,0) = ((a,b) * (c,d)) * (e, f)
=~ Associative
(c) Identity : Let (g h) be the identity element
~ (a,b) * (g,h) = (a,b)
(a+gb+h)=(ab)
>a+g=ab+h=Db
~g=0 , h=0
But (0,0) € NXN
=~ Identity does not exist

2. Sol: (i) Let (c,d) € QXQ be an identity element of *
where (a,b) * (c,d) = (ac,ad + b).

then (a,b) * (c,d) = (c,d) * (a,b) = (a,b)V(a,b) € QXQ

17



~ (ac,ad + b) = (ca,cb + d) = (a,b)
>ac=a=ca=>c=1
&ad+b=chb+d=b=d=0(c=1)
~ (c,d) = (1,0) is the identity of =

(ii) Let(e, f) be the invertible element of A

Then(a,b) * (e, f) = (e, f) * (a,b) = (1,0)
=~ (ae,af + b) = (ea,eb + f) = (1,0)(Identity element)

-,

ae=1=eca=e=- 1 =b
_ot = Inverse element of(a, b)is (a - )

=
af+b=0=f= "

3. Sol: (i)a*bz?, a,b€eN
3
Let a=1,b=2, a*b=1*2=z €N ~ * is not binary

+b
(ii)a*b=aT, abeqQ

a+b
> also belongs to Q(Sum Rational No’s is also a rational no.)

~axb is a binary operation

a+b b+a ) )
axb = b*a(‘-‘ > = > Vabe Q) ~ * is commutative
a+b
a+b — tC a+b+2
(a*b)*cz( )*cz 7 = 5 ST |

b+
_a+TC_2a+b+c -

b+
a*(b*c)za*(zc)_ 2 2

FromI &Il (a*b)*c #ax*(bx*c)
~ * IS not associative
LEVEL II1

1.Sol: * is abinary operationon NXN
defined by (a,b) * (c,d) = (ac,bd) V (a,b),(c,d) ENXN

18



D(2,3) * (4,1) = (24,1 % 3) = (83)
()[(2,3) * (4,1)] * (3,5) = (8,3) * (3,5) = (24, 15)
(2,3) * [(4,1) * (3,5)] = (2,3) * (12,5) = (24,15)
= [(2,3) * (4,D] = (3,5) = (2,3)  [(4,1) x (3,5)]
(iii) V (a,b) , (¢, d), (e, f) € NXN
Then (a,b) * (c,d) = (ac,bd) & (c,d) * (a,b) = (ca,db)
But (ac,bd) = (ca,db) (~ Multi. is comm.)
so (a,b) * (c,d) = (c,d) * (a,b)
« *is commutative binary operation
Also [(a,b) * (¢, d)] * (e,f) = (ac,bd) * (e, /) = ((ac)e, f(bd)) ....I
(a,b) = [(c,d) * (e,H)] = (a,b) * (ce,df) = (a(ce),b(df)) w.e ver v e 1
From I & II,weget
[(a,b) * (c,d)] * (e,f) = (a,b) * [(c,d) * (e,)](~* Multi. is associative)
« *is associative binary operation.

3. Sol:Let us construct a tablefor *

* 0 1 2 3 4
0 0 1 2 3 4
1 1 2 3 4 5
2 2 3 4 5 0
3 3 4 5 0 1
4 4 5 0 1 2
5 5 0 1 2 3

From the table it is clearthat 0x0=0;0x1=1x0=1;0%x2=2%0 = 2 etc

19



i.,e0O+xa=ax*0=aVa € given set

Hence 0 is the identity element

Also for eacha # 0in {0,1,2,3,4,5}
6—ac€{012345}&ax(6—a)=a+(6—a)—6=0

Hence (6 — a) is the inverse of a for each a # 0 in the given set
Note: —Also0*0 =0

~ 0is the inverse of itself

where as6 —0 ¢ {0,1,2,3,4,5}

20



TOPIC 2
INVERSE TRIGONOMETRIC FUNCTIONS

(i). Principal value branch Table

LEVEL I
1(i)Sol: Let cos'l(g) =y wherey €[0,7]
=C0sy :g
=Ccosy :cosg
_r
> y==
. . . A .TT
Required principal value = — ['Z € [0, ]
(i))Sol : Let sin'l(-%):y where ye [—g,g]
1
=sin y= -
=siny = -sin %
=sin y =sin(— %)
—(_" otk
= y=(=7) {—Zel=3.51

(iii)Sol: Let tan™ (—V3) =y where ye [-~,7]
Stany = —V/3

=tany = - tan-

Stany = tan (- )

E>y:—;

= Required Principal value :—g [—T€ [— E,E]

(iv)Sol: Let cos™(— %) =y, ye[0, ]



=cosy = —%

=Ccosy = — COSE
Tt
=C0sy = cos(m — Z)

3
=C0SY =C0S T"

31 3

= y=== (S e[0,m)

1. cos"l(cos 2—“) + sin_ltsin E)
3 3

21 . _1( i nj
= —|+SIn SINTT——
3 3

21 . _1( i nj
= —|+SINn SIn—
3 3

21 (nj
= —=[+|=|=n
3 3
2. sin_l(sinﬁj
5

Sol:  sin™(sin =)= sin~![sin(r — 3]

LEVEL Il

= sin™![sin(m — g)]
=T {-_-EE _E,E]}
5 5 272

3.cos™*(cos 7?“)
Sol:  =cos™! [cos + g]
=cos (- cos g)

= cos™1(— g)

22



(ii). Properties of Inverse Trigonometric Functions

LEVEL |
1.Sol: =cot(tan"ta+ cot™ta) = cotg =0

i
1 1,1
{.tan a+cotla= 2}
2. 3sin"lx =sin"!(3x — 4x3)
Sol: R.H.S = sin™1(3x — 4x3)

X = sin0

1

— -1 . _ - 3
sin™" (3 sin 6 — 4sin°0) {Put:' 0 = sin-1x

sin~1(sin 30)

= 30

= 3sin"'x =L.H.S

3. Find x ifsec_l(\/i )+ cosec Ix = g

T —- T
Sol: S T cosec 1ng

cosec lx =

N A
1A

T
Or x= cosec

x =12

23



LEVEL 11

1. Putx=tan0=0 =tan"!x
N1+ x2 -1 _
tan™' (———— = tan
X
sec6—-1
=t -1
( tan6 )
1—cos6O
= tan~!
( tan 0 )
_1 sinzg _1 sing
=tan™ " (— = tan” " (—%
Zsm?cosE COSE
.18 .13 77
2. sin 1—+sm 1—=tan LA
7 36
Sol: Let sin‘13 = X =sinx = 3
17 17

. _13 : 3
=sin 1E=y =siny = -

. 64
= cosx = /1 —sin?y= [1——
298
_ [225_ 15
289 17
. / 9 ,16
cosy =4/1 —sin?y = 1-== %

_4
5
. sinx 8
anx = =7c
cosx 15
. siny 3
any = —— = —
y cosy 4
_ tanx+tany
tan(X + y) - 1—tanxtany

L Vv1+tan20—1

tan 0

24



8 3
_1sta 32445 77
T1-8,37 60-24 36
15 4
+ tan™! 77
= tan —_
X y 3
3 77
. _1_+ . _1—:t -1
Sin 17 Sin 5 dan 36
11 11 a1 11
3. tan 1—+tan l—+tan 1—+tan 12_T
3 5 7 8 4

LHS.=tan™ % +tan™ % +tan™ 1 +tan™ 1

1
=tan '=+tan =+ tan 1=+ tan"1=
3 5 7

115 ~156
1z T tan 3

= tan~

15 56
= tan™! 8 +tan™?! 5
14 55

8 15
1_ 14 ' 55

8 _ 15
1-—X%X =
147 55

650 - T

=tan"'—=tan"'1 = -

650 4

4. LHS. = 2tan‘1(1j ¥ tan‘l(lj
2 7

1
2x= 1
= tan_1 _ 2 +tan_1(7]

= tan_l 1 + tan_lﬂlj
3 7
4
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4 1
1 37
=tan
141
3 7
31
_ -1 21
= tan g
21

LEVEL Il1

1 cotd J1+sinx ++/1-sinx X XE(O zj
' Jl+sinx —1—sinx ) 2’ 4

V1+sinx+v1-sinx

. 1
Sol: L.H.S =cot (m_m)

J1+cos (g—x) +J1—cos (g—x)

\/1+cos(g—x)—\/1—cos (g—x)

= cot™1(

=cot™! [coti] =
2

X
2

5 tan_l(«/1+x—»\/1—xJ T 1 1
' 2

V14X +4J/1-X



) -1 \/1+x—\/1—x]
Sol: tan™ | =
Put x = cos26
= tan-1 [\/1+C0$29—\/1—C0$29]
- V1+c0s20+vV1—cos26
- tan-1 [x/fcos 9—\/Esin9]
B \V2cos 0++/2sin6
- 7]
=tan~! [ﬂ] = tan™?! [tan (E - 6)]
1+tané 4
= _9=Z2—Lcos'x=R.H.S
4 4 2

3. tan 12x+tan 13x =n/4
Sol: tan 12x + tan 1 3x = %

> tan-t 2x+3x m
M ox3x 4
1 S5x T

1—6x2 4

= tan~

S5x . T
S —— —
T—6x2 "%

=5x=1—6x?
=>6x2+5x—1=0
=>6x24+6x—x—1=0

Here,x # —1V they don't satisfy the given eq.

1
=>6x(x+1)—1(x+1)=0 FX= only answer
1 1
= = - = —
X X =

4. Solvetan2(x +1)+ tan*(x —1) = tan‘1%
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Sol: tan!(x+1)+tan"l(x—1) = tan‘1:—1

:>tan‘1{ D+ x=1) }ztan—li

1-x+1).x—-1) 31
ot _1( 2x )—t _, 8
an 1-x2+1)) a3
>t ‘1(2X)—t ‘18:> x _ 8
an™ {—7) =tan™ o2 —Z =371

62 8 31
5> —=—=62=-8x= xX=——
—x 31 X=X=77
5 tan L XL ggp 1 XL
X—2 X+2 4
Sol:  tan il 4tan 1L =C
X—2 x+2 4
x-1, x41 .
1| 3= tx b1 ., _ _ 1 X
=tan 1lﬁ =, [“tanT'x+tan"'y = tan 11_—):;]
X—2 X+2
x-—Dx+2)+(x+1D)(x—-2) . T
= tan—
x-2)x+1D)—-(x—-—1D(x+1) 4

x2+x—24+x2—x—-2 )
1 =
x2—4—-(x%?2-1)

2x% — 4
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TOPIC -3
MATRICES & DETERMINANTS

(i). Order, Addition, Multiplication and transpose of matrices:

LEVEL |
1. The possibleorders: 5x1, 1X5

5
It 2
2. A=t 2|
|2
lo 2
3 —4 1
3. [1 1 —3]

4. Theorderof ABis 2x2and BAis 3x3

LEVEL Il
1
1.Wehave A= |—-4|, B=[-1 2 1]
3
-1
AT =[1 —4 3]BT=[2]
1
1 -1
AisoAB =[-4|[-1 2 1]and B'TAT = lz]n -4 3]
3 1
-1 2 1 -1 4 -3
=14 -8 —4 =12 -8 6
-3 6 3 1 -4 3
-1 4 -3
(AB)'= | 2 —8 6 |Hence verified (AB)" = BTAT
1 -4 3
3. If B is skew symmetric matrix,= BT = —B
Now (ABAT)T = (ABAT)T as (AB)T = BTAT
= (A (AB)"
= A(-B)AT
= —ABAT

4. Hence the matrix (ABA') is skew symmetric.
22 = 3 1113 1]:[9+7 3+5]:[16 8]
7 5117 5 21+35 7425 56 32
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1 0]_fa O
al_a[o 1]_[0 a]
.13 11_13b 1b
bA_b[7 5]_ 7b Sb]
16 8 a 0 3b 1b
2 — - —
AsA®+ al = bA [56 32]+[0 a] 7b  Sb
[16+a 8 ] 3b
e =
56 32+a 7b
LEVEL I1I
2 0 1112 0 1 5 —1 2
1. A2=[2 1 3”2 1 3]=[9 -2 5]
1 -1 oll1 =1 o0 0 -1 -2
2 0 1 6 0 3
3A:3[2 1 3]=[6 3 9]
1 -1 0 3 -3 0
1 0 0 2 00
21:2[0 1 0]:[0 2 o]
0 0 1 0 0 2
5 -1 2 6 0 31 [2 0 O
A2—3A+21=[9 -2 5]—[6 3 9[+]o0 2 0]=
0 -1 =21 13 =3 ol lo o 2
3 -2 —4 3 3 -1
2. Wehave A=|3 -2 —-5|=4T =|-2 -2 1
-1 1 2 -4 -5 2
3 -2 —4 3 3 -1 6
A+AT =13 -2 —5|+|-2 -2 1]|=]1
-1 1 2 -4 -5 2 -5
_3 1
2
E(A+AT)=§[1 —4 —4]= S
5 —4 4 2
5,
2
A—AT =

1
-3
-3

1b . _
5b]=>a_8 &b = 8

-1
-3

~1
—4
2 0
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5 3
0 =3 =32
S(a-a")=3||s o -6|| = 5 0 -3
3 6 0
33 0
[ |
HenceA = 1(A +AT) +1(A —AT)
2 2
- 1 5 . 5 3
3 7 771 |° 7z 2
1 5
A=\ Z o _ol+12 _
5 -2 —2|+|5 0 -3
Y B EAE T
2 2 |

b(a'-1) _
1| at ——=|_[a b
3. Stepl: A —[ a-1 l— [O 1]

0 1
Thus result is true for n=1

Step 2. Assume the result is true for n=m,where1 <m <n

m ba™-1)
i.e. A™ =[ a a-1 l
0 1

b(a™-1)
Step 3: Am+1=AmA=[ a" = “a b
0 ;o 1
b a‘m+1 _ 1
=>Am+1:[ am™*t %‘
0 1

i.e. the result is true for n =m+1, whenever it is true forn =m
Hence it is true for every value of n, by principle of mathematical induction.

(i1) Cofactors &Adjoint of a matrix
LEVEL I
1. The co-factor of a;, is(—1)3[—42—4] = 46
2. C4; = Cofactorof A;; =3
Cy, = Cofactor of A;, = —4
C,; = Cofactorof A,; =1
C,, = Cofactor of A,, =2

3 1

AdjA = [_4 ,
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LEVEL I

1. HereA= [ 2 _23

2 Sleada=[70 Tlaiai= o

A(Ade):[_24 —36] [_46 _23]:[8 g]&(Ade)A: ¥ 5] [—24 —36]

4 2
. 0 0 . 10
AadjA) = [0 o) = @dimA = Al =0[0 1]
1 2 3 6 1 -5
2. HereA= |2 3 2(& AdjA=|-2 -5 4 ||Al= -7
3 3 4 ~3 3 -1
12 3][6 1 -5 [-7 0 0
NowA(AdjA) = |2 3 2||-2 -5 4|=|0 -7 o
3 3 4ll-3 3 -1 0 0 -7
6 1 -5|[1 2 3] [-7 0 0
Also(AdjA)A=|-2 -5 4|2 3 2[=[0 -7 o
3 3 -1ll3 3 4 0 0 -7
—7 0 0 1 0 0
ThusA(adjd) = [0 -7 0|=(adiA)A = Al =70 1 0
0 0 -7 0 0 1

(iii)Inverse of a Matrix & Applications

LEVEL |
- [¢ 3 = _
L HereA= [¢ ° |&lAl= -19

AdjA = [:é _23]
AdjA 1 — — 1
T =Tar = Tels o)t

2. AsA?=1=AAT=IAT= A T=IAT= A=A T=A=A"1

3. The matrixA = [2_—5k i

ie. 15+(2-k =0 = k=17

]is not invertible, if|A| = 0

LEVEL 1
S S | R B e e

_0 0
00

]
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sa=s[3, J1=15 1]
141:14[(1) 2:[104 104]

—SA—14] = 29 —25]_[15 —25]_[14 0]:[0 0]

—-20 24 —-20 10 0 14 0 0

Therefore,A> —5A — 141 =0
(ifTofind A™: Now, A?—54—141=0

= A2 —54 = 141

= A2A™1 — 54471 = 141471

= A-5I= 14471

1 112 5
-1 _ —(a_ - _
= A7 = @A=5D 14[4 3]

LEVEL Il

-

LetBX=C = X = B™1c=@ANHc=@ANHTC

1. LetB =

2 3 1
-3 2 11],C=]|—-

5 -4 =2

Aswe know, A71 = (Ad]A)
2 3 1 2 3 1
A=|-3 2 1| = |Al=]-3 2 1
5 —4 -2 5 —4 =2
= 2(—4+ 4)-3(6-5)+1(12-10)
=0-3+2=-1
1 1[0
adjA = —9 23 —9 —5 &A1 IAl(Ad]A) == -1
1 -5 13 2
— -1 1 -2
A Hr = 9 5 | = 2 9 -23
—2 —23 -13 -1 5 -13

2
-9
23

1
-5
13

|
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0 1 -=-27[11 0-5+6
= AN'C=|-2 9 -23||-5/=[-22-45+69

-1 5 -1311-3 —-11-25+39

L

2. Given. Xx+2y-3z =-4, 2x+3y+2z2=2, 3x-3y—4z =11

~sx=1y=2,z=3

1 2 =3 x —4
A=1|2 3 2 ,X=[y ,B=1|2
3 -3 —4 z 11
1 2 =3
=]4l=12 3 2|=-6+28+45=67
3 -3 —4
-6 14 -1517 -6 17 13
= AdjA=|17 5 9| =|14 5 -8
13 -8 -1 -15 9 -1

1

B o, [-6 17 13
=A™ = (AdjA) =;| 14 5 -8

15 9 -1
— X =A"1B
- 1[—6 17 13”—4] | [24+34 + 143
= |y|=—]| 14 5 -8||2|=—=—=|-56+10—-88
2 6715 o _—1ll11] 67| s0+18-1
X 201 3
= y:§—134: —2l=>x=3,y=-2,z=1
2 67 1]
1 -1 0] 2 2 —4
3.Given A=12 3 4|,B=|-4 2 -4
0 1 2 2 -1 5
24440 2-2+0 —4+440 6 0 0
—AB=[4-12+8 4+6-4 —8—-12+20|=]0 6 o0
0O—4+4 04+42—2 0—4+10 00 6
10 0
—AB=6l0 1 o|=6l
00 1

1 1
|A| # 0 = Ais invertible and A™! = EB “AB=6l = 1= EAB

Now givensystem, x-y = 3, 2x + 3y + 4z =17, y + 2z =7
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1 -1 0
2 3 4
0o 1 2

A=

el

=S AX=C=X=A"1C

1 6 + 34 — 28 112 2
=>X=g 17 ~12+34-28|=2|-6|=|-1
6—17 + 35 24 4
= x =2, y = z=4
4. PutiinzYi—Z = 2X—3Y+3Z=10......(0)
X+Y+Z=10.....(ii)
3X —Y +2Z =13 ... ... (i)
2 -3 3 10 X
LetA =1 1 1|,B=|[10|,C=|Y| = AC=B =C=4"'B
3 -1 2 13 Z

1
= A1 AdjA

= |Al=22+1)+32-3)+3(-1-23)

=6-3-12=-9

3 1 -47 3 3 -6
—AdjA=|3 -5 —7] =[1 5 1]
6 1 5 —4 -7 5
—6
= A1 (AdjA) = — 1
|A| [ 5]
X] {[3 3 -6][10
:>C=A‘13:>Y=—[1 _s5 1”10‘
zl %l-a -7 s5lli3

130 30 -78] 1 [-18] |2
=—| 10 -50 13 |=—|-27[=3

—40 -70 65 —45 5

|
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= X=2Y=3,Z=5 ~x=

N| —
<

Il
W] =
N

Il

|

1 2 =2 1 0 0
5. WeknowthatA=IA = |-1 3 Of=10 1 0
0 -2 1 0 0 1
A
[1 2 —2] [1 0 0]
OperateR, - R, +R; = |0 5 -=-2|=1|1 1 0|4
0 -2 1 0 0 1
[1 0 —1] [1 0 1]
OperateRy - R+ Rz = |0 5 -2|=1[1 1 0|4
0 -2 1 0 0 1.
1 0 -1 1 0 1
OperateR, m R, +2R; = |0 1 0 |=]|1 1 2|A
0 -2 1 0 0 1
1 0 -1 1 0 1
OperateR; — R;+2R, = |0 1 0 |=|1 1 2[A
0 0 1 2 25

1 0 O 3 2 6
OperateRy - R{+ R; = |0 1 0|=1|1 1 2|A
0 0 1

(iv)To Find The Difference Between |A|, |adjA]|, |kA|

cos 15°cos 75° — sin 15°sin 75° = cos(15 + 75) = cos 90" =0
|31 =33 =27

[24] = 23|A| =8%x3 =24

The given matrix is a singular matrix if

o e

W

|E‘é _31|:0:> 6a—8=0=a=
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LEVEL I

1 AsladjA] = |A|™Y, = JAI"! = |(adjA)| =64 = 831 = |A| =8
Also|A'| = |A] = |A']| =8
2. AsladjA| = |A|*Y, = |(adjA)| = 7371 =49
LEVEL 111

1. AsAz[; 2]=> A] = a2 — 4
|A]? =125 = |A|=5 = a’—-4=5= a= 43

2. ladjA| = |A|I™Y, |A(adjA)| = |AlladjA| = |Al|A|PT = 125

(v).Properties of Determinants
LEVEL |

16 3| _ |2x 3
| =15 3

1'52

= 32— 15=2x*-15

=x*=16 x= 4
(a+ib)(a—ib) — (—c+id)(c +id)
= (a+ib)(a—ib) + (c —id)(c + id)
= (a® + b?) + (¢ + d?)
= (a%? + b?) + c? + d?

2. =

LEVEL Il
0 —2c -=2b
=|b c+a b
c c a+b
Taking -2 common from R;
0 c b
= —=2|b c+a b
c c a+b
Operate R, — R, — R;&R; — R; — R;
0 ¢ b
= —=2b a 0
c 0 a
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Expand with Ry
= —2 (—c(ab) + b(-ac)) = (—2)(-2abc)

= (4abc) Hence Proved

2. Solu. Operate C; — C; — bC5,C, — C, + aCs
1+ a* + b? 0 —-2b
= L.H.S= 0 1+ a?+ b? 2a
b(1+a*+b?) —a(l+a*+b?) 1-a®—>b?

Taking (1 + a? + b?) from C;& same from C,

1 0 —2b
= (1+a®>+bH)%*[0 1 2a
b —a 1-—a?-—b?

Operate R; — R3; — bR, + aR,

10 —2b
= (1+a®>+b»)%[0 1 2a
0 0 1+a%+05b?

Expand with C4
= (1+a?2+b?)?1.(1+a%?+b?) = (1+a?+b?3
x o x? 1+px®| ;x %% 1 x x* px?
z z* 1+pz® z z2 1 z z? pz3
1 x x? 1 x x?
=(=D*1 y y*| +pxyz|l y y?
1 z z? 1 z z?
1 x x?
=[1 + pxyz]|1 y v?
1 z z?
Operate R, — R, —R;and R; — R; —R;
1 x x?
=[1 + pxyz]|0 y—x y?—x?
0 z—x z?>—x?

Taking (y — x) from R, and (z —x) from Rj
1 x x?

0 1 y+x
0 1 z+x

= [1 + pxyz](y —x)(z — x)
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Expanding from C;

= 1+ pxy2)(x — )y — 2) (2 — x)

LEVEL 111
at+x a—x a—x
1. @ la=x a+x a—-x| =0
a—x a—x a+x
Operate Ry — R; + R, + R;
3a—x 3a—x 3a—x
= |la—-x a+x a-—-x|=20
a—x a—x a+x
Taking (3a — x) from Ry
1 1 1
= Ba—x) l[a—x a+x a—-x| =0
a—x a—x a+x

Operate C; — C; —Cyand C3 — C3— (4
1 0 0
a—x 2x 0
a—-x 0 2x
Expanding from R,

= (3a —x) =0

= (Ba—x)(4x®)= 0

= x=0,0,3a

x+a x x
x x+a x
X x x+a

Operate R; — R; + R, + Rj3

3x+a 3x+a 3x+a
X x+a X
X X x+a

Taking (3x + a) from Ry

1 1 1

X x+a X

X X x+a

Operate C, — C, — C;andC; — C3—Cy

b.

=

= (3x + a) =0

1 0 0
= (3x+a) |x a 0/ =0
x 0 a

Expanding from R,
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= (Bx+a)@*>) =0 = XxX=—

3
a b c
2 A=|b ¢ a
c a b
a+b+c a+b+c a+b+c
= A= b c a (Operate R; — R; + R, + R3)
c a b
1 1 1
= A=(@+b+c)|b ¢ a|(Taking(a+b+c) from Ry)
c a b
1 0 0
= A=(@+b+c)|lb c—b a-b|OperateC, — C, —CjandC3 — C3 —C;
c a—c b—c

= A=(a+b+ c)[(C _b)(b—-c)—(a—b)a— c) Expanding from R,

= A=(a+b+C)[(C_b)(b—C)_(a—b)(a_C)]
= A=(a+b+C)(ab+bC+Ca—a2—bz—Cz)

1
= A:—E(a+b+c)((a_b)2+(b_c)2+(a—c)2)

This is always negative =~ a+b+c>0

3. Solu. L.H.S =Operate R, — %Rl,R2 — %RZ'R3 — %R3

1
a—+-— b c
a
= abc b+1
= a 5 c
1
a b c+-
c

C; — aCy, C, = bC,, C3 — cCy

abcla® +1 b? c?
= abe a? b +1 c?
a? b? c?+1

C; — C+Cy + (5
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a’?+b%>+c*+1 b? c?
a’?+b?>+c*+1 b*+1 c?
a’?+b*+c?+1 b? c?+1

Taking common (a? + b? + ¢ + 1) from C,

1 b? c?
1 b?+1 c?
1 b? c?+1

=(@* +b*+c*+1)

Operate R, — R, — R;,R; = R; — R;

1 b? c?
=@ +b*2+c2+1)|0 1 c?
0O 0 1

=@ +b*+c*+1.1=@"+b*+c*+1)

LHS R, —R,+R;

a+b+c a+b+c a+b+c
= a—-b» b—rc c—a
b+c c+a a+b

Taking (a + b + ¢) common from R,

1 1 1
a—b b—c c—a
b+c c+a a+b

=(a+b+c)

R, —> R, + R,

1 1 1
a+c b+a c+b
b+c c+a a+b

=(a+b+c)

€, > C—C,0— -6

1 0 0
a+c b—c b—a
b+c a—b a-c

= (a+b+c)

Expand with C,
=(@a+b+c)(b—c)la—c)—(b—a)(a—Db))

=(a+b+c)(ab—ac— bc+ c? — (ab — a? — b? + ab))
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=(a+b+c)(ab—ac—bc+c?—ab+ a*+ b*— ab)
=(a+b+c)(a*+b?>+c*—ab—bc—ca)

=a3+ b3+ ¢3 — 3abc

5. Operate R; — aR;,R, — bR,,R; — cR;

ab*c? abc a(b+c)
= —|bc%?a? bca b(c+a)

b
€\ cazp?  cab c(a+b)

Taking abc common from C,
ab’*c? 1 ab+ac
bc?a? 1 bc+ab
ca’b? 1 ca+ bc

_ abc
"~ abc

Taking abc common from C;

bc 1 ab+ac
=abc|lca 1 bc+ab

ab 1 ca+ bc
C; - C;+Cs

bc+ac+ab 1 ab+ac
=abc |ba + bab+ca 1 bc+ab

ab+bc+ca 1 ca+ bc

Taking (bc + ac + ab) common from C;

1 1 ab+ac
1 1 bc+ab
1 1 ca+bc

= (abc)(ab + bc + ca)

Two columns are identical in value of determinant is 0
~ (abc)(ab+bc+ca)*0=0

6. Multiply R; = aR; R, - bR, R3 = cR3,

1 —bac b%a + abc ac? + abc
= e a’b + abc —bac bc? + abc
a’c +abc cb?® + abc —abc
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Taking b, a, c common from C;,Cy, C3

—bc ba+ac ac+ab
ab + bc —ac bc + ab
ac+ab bc+ ac —ab

abc

abc

Ri > R{+R,+R3

ab+ bc+ca bc+ba+ac ac+ ab+ bc
= ab + bc —ac bc + ab
ac + ab bc + ac —ab

Taking (ab + bc + ca) as common from R;

1 1 1
=(ab+bc+ca)lab+bc —ac bc+ab
ac+ab bc+ac —ab

C; > C—C, 0 - C—C

1 0 0
= (ab + bc +ca) lab + bc —ac —ab — bc 0
ac + ab bc — ab —ab — bc — ca

Expnding along R,
= (ab + bc + ca)[(ac + ab + bc)(ac + ab + bc)]

= (ab + bc + ca)?

=—| b% (atc)> b2 |(Multiplying R; bya, R, byb & Rzby ¢)

(b+c)? ab ca
7. ab  (atc)> bc | = 2abc(a+b+c)®
ac bc (a+b)
(b+c)* ab ca
Solu: L.H.S. _| ab (atc)* bc
ac bc  (atb)’
(btc)’
a a
a 2
atc
=abc| b ( b) b
(a+b)’
C
2 2 CZ
_abe (b+c) a a
abc c? ¢z (atb)’

(Taking a fromC;, b from C;, & ¢ fromCs)
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(b+c)*-a’ 0 a?
= 0 (atc)>-b>  b? |Operate R, — R; —RzandR, — R, — R,
c2-(atb)* c2-(atb)® (atb)’

b+c—a 0 a2
=(+b+0)’ 0 atc—b b? | (Taking (a + b + ¢) from C;&C, )
c—a—b c—a—b (atb)’
b+c—a 0 a?
=(@+b+0)? 0 at+c—b b?|Operate R; — R; —R; — R,
—2b —2a 2ab

a(b+¢) a’ a’
b2 b(a+c) b?
0 0 2ab

=(@+b+c)’ Operate C; — aC; + C3 and C, — bC, + Cj

= 2abc(a + b + c)’Expanding from R

1 kil 0L+9
p p

8. Ifp,g,rarenotinG.Pand | 1 é oc+é=0,show that pa? +2pa+r=0-
pa+q Qqo+r 0

0o 4_r a_r
p q p q
q q
pa+q qa+r 0
Taking(% — g) common fromR,
0 1 1
r r
:><ﬂ_f) 1 - a+—|=0
P q q q

T
P q
pa+q qa+r 0

Expnding with Ry
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9.

2
— DT
1-P {-pa® —qa—qa—r}=0

pq

=

2
—pr
7-P {pa®+2qa+r}=0

=

“ q*>—pr #0as p,q,r are not in GP
= pa? + 2qa +r = 0.Hence proved

L.H.S:  Operate Ri > R;{+R,+R3

2b+2c+2a 2c+2a+2b 2a+2b+2c‘

= c+a a+b b+c
a+b b+c c+a
Taking (a+b+c) common from R;
1 1 1
=2(a+b+c)|lc+a a+b b+c
a+b b+c c+a

C, > C,—C,C3— (3 C

1 0 0
=2(a+b+c)lc+a b—c b—a
a+b c—a c—b>b

Expand with R;
=2(@a+b+c)((b—c)(c—b)—(b—a)(c—a))

—2(a+ b+ c)(bc — b?> — c? + bc — bc + ac + ab — a?)

= —(a+ b+ c)(2bc — 2b? — 2¢% + 2ac + 2ab — 2a?)
=(a+ b +c)(—2bc + 2b? + 2¢% — 2ac — 2ab + 2a?)
=(a+b+c)((a—b)*+ (b—c)?+(c—a)?)
Given A= 0 = Either (a+b+c¢) =0
or((a—b)2+ (b —-c)?+(c—a)?)) =0

=a=bb=cc=a=>a=b=c
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TOPIC 4

CONTINUITY AND DIFFRENTIABILITY

LEVEL I
2.Continuity
1 f(x)=x*+5
L.H.L. lim f(x)= lim(—1—h)?+5
X—>—1~ h—-0
=lim 1+ h*+2h+5
h—-0
=lim 6+ h?+2h
h—-0
=6
R.H.L lim f(x)= lim(—-1+h)?2+5
x—-1* h-0

=lim 1+h®*-2h+5
h—0

=lim 6+ h®—2h
h—0

lim )= lim f(x)=6

X—>-1" x—>-1
f(=1)=6
LH.L = RH.L = f(-1)
~ f(x) is continuous at x = —1
2. f® = o

x+3

Not continuous because x € R

3. f(x)=4x Vx€ER

It is continuous, as 4x is a polynomial function
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LEVEL II.

2..f (x)is continuous at x=2
~L.HL =RHL=f(2)
L.H.L. =kx?= 4k
R.H.L. =3

f(2) =4k

4k= 3

£(x) _{ ax+1 ifx<3

bx+3 if x>3 IS continuous at x=3.

Atx =3
LHL=lirr§ax+1=3a+1
X—

RHL=lirr§bx+3=3b+3=3(b+1)
X—

Asfiscontinousatx=3 =2a—b ==

3
Sin3XX¢0
4.1f 4.f(x) = { x ' } lim
L x=0)h>0
At x=0 LH.L= lim 323
hoo~ *
T sin (—3h)
- hlﬁ]og( —-3h )
. —sin3h
- 3hlin0( —3h )
=3
T sin3x . sin (3h)\ __
RH.L = hI|m+ — = hI|m0 3(—3h )_ 3
—0 -
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fo) =1
LH.L= RH.L. # £(0)
=~ f(x) is not continuous.

LEVEL 111
1—Ccos4x x:;tO
—_— 8 2 4
f(x) = { e X }
Sol:  Given f(x) is conti.at x =10
= lim f(x) =f(0)
x—0
= lim f(X) _1 COs4X -k
x—0
. . 2
= lim —25“‘222"= k = lm (2Z) —k=k=1
x—0 8% x—0 v %X

2.S0lu.. Asf(x)iscts. atx = 0 = lim f(x) = f(0)
x—0

sinx

2x+3sinx 2713
= f(0) = llm f(x) = lim = < =
x—0 3X + 2sin X 3 +2—

( 1—sin’x T )
3cos?x ’ X < 2
a x=2I
3: f(x) = ¢ AT
b(1—;1n>2(), X >g
T—2X
\ ( ) y,

Sol: Given that f(x)is continous at x = g

L.H.L=R.H.L=f(g)

1-sinx)(1+sin?x+sinx 3 1
LH.L =lim_~_, f(x) = lim ( X _ )=3 =1
x=X_p  3(1-sinx)(1+sinx) 2%3 2
2
h—>0 he0
. T
. _ b(1-sinx) _ . b(1-sin (;+h)
L.H.L —llmX_>E+h f(X) llmX_>_ hm = 1lIMyp m
2 2
h—0 h—>0
. h . ,h
lim b(1-cosh) im b.2.sin”> — lim b.1.sin”> b «1 =
h-0 (—Zh)z —h—)O 4.h2 h-0 24h2 - - 8
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. b=4a=1/2

sin X + X CO0S X
4, f(x)= X
k ., when x=0.

., when x=0

. . sinx . sinh
Q7: f(x)L.H.L =limy_,,_ f(x) = Ll_l)l(l)T + cosx = %11337 +cosh=1+1=2

L.H.L =lim,_ o4 f(x) = Lin(l)s'i% +cosx=1+1=2

f(0) =k
» L.H.L=RH.L=f(0)

= k=2

3.Differentiation

LEVEL |
1: f(x) = (x— 1)2/3atx =1
Asf(x) =2 (x - 1)2/3-1.% (x—1)
= 2 1= 2
3(x—1)"/3 3(x— 1)/

f'(x)is not defined at x = 1 ,therefore f(x) is not diff. at x = 1.

2. y= tan~1 =

1-x2
Sol: Put x = tan®
P 2tan6 — tan-"(tan26
y = tan T tan?0 — an™*(tan20)

y =20 =y=2tan !x
Differentiate w.r.t x

] | x=3)(x2+4)
3 y_\/ 3x2+4%x+5

Sol: Taking log on both sides

dx 1+x2

1
logy =5 [log(x — 3) + log(x? + 4) — log (3x% + 4x + 5)]
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Differentiate w.r.t x
1dy 1 [ 1 2x 6x + 4

:§&=§ (x—3)+(xz+4)_(3xz+4x+5)
dy 1 |x=3)x*+4H[ 1 N 2x 6x + 4
dx 2. 3x2+4x+5 l(x—3) (x2+4) (3x2+4x+5)

LEVEL 11

1.y = cos (logx)?
Sol . Differentiatew.r. tx

dy _ , d 5
F —sin (logx) ‘T (logx)

1
= —sin (logx)?. 2logx. -

vx2+1-1
C oy — -1
2: y = tan [ ” ]

Sol: Put x = tan@

L l\/tanze +1-— 1] L [secd—1
y = tan~ = tan~ [—
tan6 tan®
1 — cosH 2sin? 2
= tan~! [— = tan~! —29
sin® 2sin * cos -
=t ‘1[t e]—le—lt -1 i
= tan any| =50=ctan X oo (1)
Differentiate eq (i) w.r.tx
dy 1
dx  2(1 +x2)

d .
3. Sol: d—z = e**cosbx.b + sinbx. e?*.a

Again Differentiate w.r.t x

d’y . .

ek b[—e#sinbx.b + cosbx.e?®.a] + a[e®®. cosbx.b + sinbx.e?*.a]
= —e¥sinbx. b? + ab. e**cosx + ab. e®*cosbx + a?e®*sinbx

dy d?y
Put the values oz we get,
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L.H.S = —e®sinbx.b? + ab. e®*cosx + ab. e®*cosbx + a%e®*sinbx

—2a(e®™cosbx. b + sinbx. e?*.a) + e?*. sinbx
On solving eq we get,
=0=R.H.S
Hence proved

_ 3at

T 1+t
Differentiate w.r.t t

dy (1+t)3a—3at 3a
dt - (1+92  (1+0)?2
2at?
1+t

X =

Differentiate w.r.t t
dx (1+t)4at—2at® 4at+ 2at?

de (1 +1)? T (1+10)?
dy
dy _at
dx /&
dt
dy 3a _ 3 .
X T Temigal T aiigmeeeeeeeee (1)

Differentiateeq(i)w.r. tx
- i&i(#) A(L) da
d?x  dx \4t + 2t? dt \4t + 2t2/ "dx
—(4 + 4t) l (1+1t?)

= 2|4t + 2t2)2| 2a + 2at?
On solving we get,

_ 3<1+t>3
T 2a\2t+ t2

LEVEL 111

V1+x2+V1-x2

H . — -1
1.Findl: y = tan [m_m

Sol: Put x? = cos26
. V1 4 cos20 + V1 — cosZGl
V1 4 cos20 — V1 — cos260

y = tan™




= tan~

V2sin26 — v/2sin20
i
= tan~! (tan (Z + 6))

. [V2cos26 + \/ZCOSZG] . (cose + sin®

. m _m 1 1.2
y—Z+6 _Z+§COS X
Differentiate w.rt x

dy 0 (-1).x —X

dx V1—x2 V1 -—x2

[v1 + sinx + V1 — sinxl

V1 + sinx — V1 — sinx

2: y=cot™?!

_\/1+cos(g—x)+Jl—cos(g—x)]l

= cot™?!

1+COS(E—X)— 1—cos(E—x)
Jeeos G- fi-con )

_\/ZCOSZ (E - z) + \/ZSinZ (g — g)]l
Jreo @5 = [ &3

= cot™!

= cot™?!

- Tox
_ Cot—l 1+ tan (Z - E)]

T X
:1—tan(z—5)
— cot-1 T, x
= cot _tan[4+(4 2)]]

= <ot [tan [ =] = ot [eor ()] -

Differentiate w.r.t x

N | X

dy 1

dx 2

... _ . _—1 (atbcosx
3'y_ Sin (b+acosx)

Sol: Differentiate w.r.t x

cosO — sin0

)

an~ ! (

1 + tan0

1 — tan@

)
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dx 1 a2+b2cosZx+2abcosx dx
b2+a2cos?x+2abcosx

(b+acosx)[(b+acosx)[—bsinx]—(a+basinx)(—asinx)]

dy 1 d (a + bcosx>

b + acosx

- 2
\/b2 +a2cos?x+2abcosx—a —b2coszx—2:;1bcosx>|<(b+acosx)2

—bsinx(b+acosx)+(a+basinx)(asinx)

Vb2 +a2cos2x+2abcosx—a2—b2cos2x—2abcosxx(b+acosx)
__ —bsinx(b+acosx)+(a+bcosx)(asinx)

Vb2 +a2cos2x—a2—b2cos2xx*(b+acosx)

2
_ (a?2-b?)sinx _ —(Vpz-a?)
Vb2-a?sinx(b+acosx) - Vb2-a?(b+acosx)
_ _w/bz_az
"~ b+acosx
. 1 1 _1 V2x
4. Sol: L.H.S = NG [log(x2 +2x + 1) - log(x2 —2x+ 1) + —5tan 1 1—x2]

1 [ 2x+V2  2x—2 l
M2 [x2+V2x+1 x2—V2x+1
1< (1 —x?)? (1—X2)\/7+\/7X*2X>

VAT O 1 —x2)?

_ 1 |2x3-2V2x2+V2x2 42— 2x3—2V2x2 +2x%++/2 + V2 " 1—x2+42x2
- 2 2 4_ 942 2
42 (X2+1) —(x/fx) 2J2  1+x%—2x%+2x

1 —2vV2x2%42V2 +1(1+x2)

T 4V2 x4 +142x2-2x2 | 2 \1+x4

1 [1-x2+1+x2 1
—[ ] =1 —RHS
1+4x4 1+4+x4

2

4.Logrithmic Differentiation
LEVEL |
Q1. Sol: y = log,(logx)
1 d
“Togx X &( 0g7 X) =

Q2Sol: y = sin (logx)
y' = cos(logx) X i(logx)

1 1
logx xlog7




__cos (logx)

X
Q3 Sol: y = tan"(logx)
1
1+(logx)?

’ d
y = X dx (IOgX) = x[1+(ogx)?]

LEVEL II.
QlSol:y.vx?2+ 1 =log[Vx?+1—x]

On differentiating we get,

, y(2x) 1 d
VxZ+1y + = X —|vVx2+1-—x

Y 22 F1 VW 1-x & )
Xy

= -1
2Vx2 +1 \/X2+1—X[2\/X2+1

yvxZ+ 1+

=> X2+ 1Dy +xy=-1

Q2 Sol: y = cos (logx)?
Differentiate w.r.t x

dy | , d 5
Fv —sin (logx) ‘T (logx)

1
= —sin (logx)Z. Zlogx.;

Q3 Sol: (c;l_y (cosx)Y = (cosy)*
X

Taking log onbothsides
ylog(cosx) = xlog(cosy)
, y(sinx) x(—siny)
1 =1 —y
y (log cosx) + p— og(cosy) + cosy

y (log cosx) + ytanx = log cosy — xy'tany
log(cosy) + ytanx

y [log cosx + xtany] = log(cosy) + ytanx =y = log(cosx) + xtany

LEVEL IlI
QLIf xP.y% =(x+y)P*9, prove that y_y
dx x
Sol: Takinglogonbothsides, weget
plogx + glogy = (p + q) log(x +y)
On differentiating

., qX—Dpy

, +

X 'y X+y y x+yy

, +qy . p+ -
y]:)<g_p q) _Pta p_xq-yp
x+y x &+yy

Cx(x+y)
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4x
(XZ —

Ly =2

Q2 Sol: y = (logx)€°s* + % Letu = (logx)c°s* v= ii:
Taking log
logu = cosxlog(logx)
Differentiating we get,
ldu log(l )+COSX><1
T~ Sinxlog(logx logx ~ x
du 1 cosx COSX xlos(l
3 = (089 [0 -~ sinlog(log)]
. x2+1
Taking v = ——
, o 2x(x® 1) —2x(x*+1)  —4x
N o VE
=y =u +Vv = (logx)°s* 0% sinxlog(logx) | —
xlogx
Q3 Sol: x¥ = e*7¥
Taking log, we get
ylogx = (x —y) = y + ylogx = x
X
Y=1 + logx
. (1 +logx) — X(i) 1+logx —1 logx
= = = =
y (1 + logx)? (1 +1logx)? (logxe)?
5 Parametric Differentiation
LEVEL-II
Q1Sol. y = tanx
Differentiating we get,
y =sec?x

Again Differentiating we get,

!

" d
=y = 2secx X —(secxtanx) = 2 sec? x tanx = 2yy

Q2 Sol. x =a(C059+ log tangj and y=asin0
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dx ) 1
— =a| —sinb + —-sec

29
do tan - 2
2

1
5= a(—sin0 + cosecB)

- dy acos0 cosH
= _—_ — = =
¥ = @i d6  a(—sin® + cosecB) cosecH — sinO

2 d dy i( cosO ) . 5
d?y _ 30 ') _ a6 \coseco-sine) _ cosB[cosecB X cotd — cosB] + 1 — sin“ 6
dx? ax a(cosecH — sinB) a(cosecH — sinB)3

de
d’y 242
dx2 a

Q3Sol.x= tan(i logy) = atan"1x = logy

1 1, a 1, a1 +x%)
= -y > = - = = !
AT x yy 1+ x? yy ay Xy

ay = (1+x2%)y +2xy

=>1+x)y +(2x—1)y =0

6. Second order derivatives
LEVEL-I1I
Q1 Sol.If y =acos (log x) + b sin(log x)

On differentiating we get,

,  —asin (lo bcos (lo "
y = X( gX)+ )(( gx) = xy’ = —asin(logx) + bcos(logx)

On differentiating we get

—acos (logx bsin(logx " ,
(logx) _ (g)=>x2y+xy=—y

Xn+ r:
y ty < <

=>x%y +xy +y=0

Q2 Sol. y=(sin™ x)?
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On differentiating we get,

On differentiating we get,

" —2x ; :
=1 —x2%y +ﬁy =0=>(1—-x%)y —xy =0
V1-—x

Q3 Sol. (x —a)%+ (y—b)2=c? for some c>0.
(x—a)?+ (y —b)?=¢’
Differentiating w.r.t. x we get2(x —a) + 2(y = b)y =0 = (y—b)y = —(x —a)
On differentiating again we get,

y—-by'+F):=-1

{l+ [dyjz}
= b = dx

d’y

dx? is constant independent of x.

7. Mean Value Theorem
LEVEL-II

1.1t is given that for the function f(x)=x®- 6x*+ px + q on[1,3] , Rolle’s theorem holds with

c:2+i. Find the values p and g.

B

Sol: f(x) = x3 — 6x% + px +q
f(x) is cont.on [1,3] & differentiable on (1,3)
f(1) =p+q—5&Ff(3) =3p+q—27

As  Rolle’s theorem holds f(1) = f(3)
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= p = 11 &qcantakeanyvalue
2: f(x) = sinxe[0, 1]

Sol: Since sinx is everywhere continous & differentiable
=~ f(x)is cont. on [0, ] & differentiable on (a,b)
Also f(0) = sin0 =0 ,f(m) = sint =0
~ f(0) = f(m)

Thus f(x) satisfies all three conditions of Rolle's Theorem.

Now we have to show that 3 ce[0, 1]

s.t f(0)=0
f'(x) = cosx
f(c)=0
m
cosc =0 = cos—

2
1-[ r
c= 3 € [0, m] such that f(c) =0

3. f(x) = vx%2 —4 inthe interval [2,4]

Here f(x) is cont.on [2,4] & differentiable on (2,4)
Alsof(2) = 0 ,f(4) = V12

Thus f(x) satisfies all the conditions of Langrange's Theorem.

Now we have to show that 3 ce[2,4]
f(4)—£(2)

s.t s.t.f'(c) = =
As () =2= =0 = ox = VIV — 4

42 =12(x* —4)=>3x*—-12=x? = 2x* =12
x2=6 =2 x=+V3
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TOPIC5

APPLICATIONS OF DERIVATIVES

1. Rate of change

LEVEL -1
1. Diameter :g(ZX +3) =>r= %(ZX +3)

3
V:ﬂn[§(2X+3)} =9 n(ox+3)
314 16

NV _9  3ex+3P 2= 2 a(2x+ 3P
dx 16 8

2. Let x be theside of a square
d—X:4 cm/min ute
dt

A:x2 :>d—A:2x.d—X=2x4x
dt dt

d—A} =8x8=64cm2/minute
dt X=8
3. ﬁ =0.7cm/sec

dt

C=2mar

d_C:2ng:2xng.7 cm/sec
dr dt 7

=4.4 cm/sec
LEVEL -II
dx

1. y2:8x:2yz—¥:8a

dy dx

2y =8 {E:E}:y:A X=2
Required point is (2, 4).

2. LetCD be the position of the man at any time t

AB be the pole and OD represents

A

6m

2m
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Cb_y _2_ Y
AB Xx+y 6 x+y
y 2

dy _1laox _1
dt 2dt 2

ﬂ:S km/hr

dt

ax _ 3.5cm /sec, @ _ —3cm/sec
at dt

A=xy

dA  _dy dx

——=X-—24+y—=-3x+35
at at Y Y

?Tﬂxﬂ? —_36+28=-8cm2/sec
y=8

Areais decreasing at therate of 8 cm? /sec

LEVEL Il
by =x3+2, :Gd—yz?zxzd—x
dt dt
_pxgMX g2 X | dy_gdx
dt dt dt dt
—x%=16=x=+4
31
=y=11——
y 3

Points are (4, 11), (—4 —%lj

d—V=5cm3/sec, r=10, h=20
dt
h r h
_— = =>Ir=—
0 10 2
Vzlnrzh:inh?’
3 12
dv 1 »dh dh 4
B i = — =——cm/sec
t 4 dt dt |15 457
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3. r=10 cm, h =50 cm, (ij—\tlzlo ml/sec
V = r?h =100zh
dv dh

—=100nt—
dt dt

10 dh dh 1
=— = —=—

100x dt dt 10xm

2. Increasing & decreasing functions
LEVEL |
1. f(x):x3—6x2 +18x+5 :>f'(x):3x2 —12x +18
=3(x-2)?+6>0 V X

2. f(X)=x2-x+1 =f(x)=2x-1

1
f'fX)=0=>x==
(X)=0= 5

0<x<%:>f’(x)<0 =f(x)isd
1 , .
E<x<1:>f(x)>0 =f(x)is T
Function is neither increasing nor decreasing in (0,1)
3. f'(X)=cosx+sinx=0 = tanx=-1
3n n
X=—,—
4 4
3n , .
For 0<x<7, f'(x)>0 =f(x)is T
3n n

For o SX< f'(x) <0 =f(x)is ¥

For %n<x<n, f'(x)>0 =f(x)is T

LEVEL Il
1. f(x)=cosx, = f'(x)=-sinx
For 0<x<m, f'(x)<0 —=f(x)is ¥
2. f’(x)zw<0
x2

as xcosx—sinx<0, Vxe(o,n/2) and x2 >0

= f(x)zﬁ is strictly decreasing in(o, n/2)
X
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3. f’(x):l_logX:O =1-logx=0 = X

=e
2
~f(x)is Tin(0, e) and 4 in (e , «)
LEVEL Il
' 1 2 1
1. f'(x)=4x-==0 = 4x° =1 :>x:4_r§, X#0
X
For x € (-, -1/2), f(¥) ,<0
For x e (-%,0), f(x) >0
For x € (0,1/2) f(x) ,<0
For x e For x € (Y2, ), f(x) >0

< (%) is T in (-%,0) U (%, ) and 4 in(- oo, -1/2) U (0,1/2)

dy 20050 +1 cos6(4—cosh)

2. Yy 1= >
d® | (2+cos0) (2+cos0)
cos0(4 —cosH)

> is positive V 0
(2+cos0)

sign of j_y depends upon cos6
X
Hence function is Tin(o,;J

3. Tangents &Normals

LEVEL-I
1 ax2-y?_g ¥ _X
dx vy
Slope of normal -y
3X

Slope of line = —%

y 1
:}——:——:}X=y

3x 3
LX=y=12

Equation of normal is y—2:—%(x—2) — x+3y—-8=0

and y+2=—%(x+2) = X+3y+8=0
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2. y=x2:>d—y=2x

dx
2X=Xx=>x=0,y=0
~.point is (0, 0)
3. x2ay?o2x—dy+1=0 —2a+2y P2 a4V o
dx dx
dy 1-x
dx y-2
. . dy 1-X
Tangent is parallel tox—axis > —=0=>——-=0
dx y—-2
= x=1land y=04
~.Points are (1,0) and(l, 4)
LEVEL-II
1. ay2=x3:>d—y=£

dx 2ay

Slope of tangent at (am2 am3):gm

Slope of normal at (am2 am3):—§m

Equation of normal is y—am3 :—%(x—amz)
m

.e. 2x+3my—3am4 —2am? =0
2. y:2x2+3x+18 ............. @

:>d—y:4x+3
dx

Let the point be (x; ,y;)
Slope at this point is 4x;+3 and equation of tangent is
y—Y1 = (4x3 +3)(x—x1)
it passes through (0, 0)
= Y1 =X1(8X1 +3)ecrrrerrnn. (2)
Also (xq,y;)lies on y=2x%+3x+18

=y =2X2 +3X) +18un, (3)
From (2) and (3) xq =+3 and y; =4527
Points are (3, 45) and (-3, 27)
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W 52,
dx

y:x3+2x+6

Slope of normal is — >
3X“+2

Slope of line is _1
14
1 1

_E__3x2 +2
Points are (2,18) (-2, —6)

=>X=12=Yy=18,-6

LEVEL- I
dy 5
=+/5x-3-2 —_— =
Y dx 2v5x-3
Slope of line is 2
5

2+/5x -3
Point is [73 3
80

:2 _—, =
80 Y

=X

4

4

)

Equation of tangent is y+%=2( 3

X——

(i) we gt x=y

Y 50
dx

Differentiating (i) w.r.t.x, 2x+2y 3
X

= tangent is parallel to y —axis
dy ,dy _,

Differentiating (ii) w.r.t. X, 2x+2y
dx dx

dx
= tangent is parallel to x —axis
.. curves are orthogonal

2y2

b

X
—-5=1
a

Differentiating w.r.t. X 2X_2ydy =0

Xy =c’

Differentiating w.r.t. X

= 80x —40y —
;) v

dy

dy

103=0

woat (0,0)

—X
=—==0at (0, 0).
1 (0,0)
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Since curves cut orthogonally = product of slopes=-1

2
:>b—2§><—X:—1 =b%=a
ay X

2

4. Approximations

LEVEL-I
1Sol:y =+25.3
Letx = 25,Ax = 0.3,y = V/x
Ay =Vx+Ax —V/x=vV253 =5 .o ()

To find Ay, Ay = (%) Ax (+ Axis approx equal to dy)

Ay = (Zi&) (0.3) = Ay = (2 >1< 5) x 0.3 = 0.03

From (i) v25.3 =5+ 0.03 =5.03

1
Q2 Sol: y = (66)3
1
Lety = (x)3;x = 64,Ax = 2
l
Ay = (66)s — 4

- (66)s = 4+ Ay ... (D)

A ( ! )A ( ! )XZ 2 2 0.042
= y= Y X = > = —=—= ().

1
From (i) (66)3 =4 + 0.042 = 4.042
Q3 Sol: y =+/0.082
y=+x; x = 0.09 &Ax = —0.008

Ay = Vx + Ax —Vx =10.082 = 0.3 ... ... .. ... ... (D)
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V0.082 = 0.3 + Ay ... (i)

To find Ay, Ay = (Z—z) Ax

1 0.008 —0.004 4 1
= —— x(—0.008) = — =

= = ——x—=-0.0133
2vx 2+/0.09 0.3 37100
~ .082 = 0.3 —0.0133 = 0.2867
5 Maxima & Minima
LEVEL |
1. f(x)=3-2sinx
‘»—1<sinx<1 =2>-2sinx>-2 =3+2>3-2sinx>3-2

=1<3-2sinx<5
. Min value of f(x) is1and max value is 5.

2. f(x):x3+x2+x+1 :>f’(x):3x2+2x+1

f'(x)= 3x2 +2x+1=0 has no real roots
Hence f(X) has neither max. nor min. value
3. Let x+y=24 and P=xy

P = x(24 - X) = 24X — X :>3—P:24—2x
X

dp
dx
2

d—=—2<O when x =12,y =12

dx?
P

=0=>x=12

LEVEL Il
1. In right triangle G +y2 =h?

Area=%xy :%x\/h2 —x?

d_A_l[ X(2x) | hzxz}_l{hz—zxz}
dX 2| 9/h2 _ 2 2| Jh2 _x2

Formax.ormin.(;—A:O :h2—2x2:0 =X =
X

1=
>

iIs maximum when x =12, y =12 and hence required numbers are 12,12

i=
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UhZ xZ (ax)- (2 -2x@h ZZ

d’A 1 2vh? -2
dx?> 2 h? —x?
1 —4x(h2 —x2)+x(h2 —2x2) 3 1{—4x(x2)+0} [--2x2 _ hz]
/2 ol 3 | L B
=-2<0
.. Area is maximum when triangle is issosceles
2. Let one piece = x

.. other piece = 28 —x
Let x unit be made into a circle and that (28 - x ) be made into a square

s2nr=X =r= X
2n
X 2 x2
Area of circle = n(—) A
27 47
28—-X

Side of the square =

4
2
Area of the square = (28 _ Xj
2
X

4
2 —
Total area A:X—+(28 )
4n 4
dA_ x _28-x
dx 2=n 8
. dA X 28-X 281
For max.or min.—=0 = —= =X =
dx 21 8 4d+m
d?A 1 1
—=—+=->0
dx2 2n 8

- A'is min when x = 287 and other part=28- 28m _ 112

4+m 4+ 4d+m
3. Let r units be the radius of the semicircle and h units be the side AD of the rectangle

ABCD.Since the perimeter is 10,

2h +2r + mr = 10
2h = 10- 2r - wrh = ~(10 — 27 - 77)

1
Area= 2rh+5 r?



=2rx = (10 - 2r —nr) + 12
2 2

=10r -2 rz-% mr?
24~ 10-4r-mr
dx
dA
now max value— =0
dx
=>» 10-4r-nr =0
r (4+m)=10
_ 10
T (m+4)
d?(A)_
drz

A has local maximum when r=

20
(t+4)

Length = 2r =

m

h:—12(10 —Q2+1).—>

(r+4)

[

)

-4-m=-(m+4)<0

10
(m+4)

10

T (m+4)

LEVEL Il

B(x,y)

(-a, 0)A

&

2r
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2 2

1.Let ellipse be x_+y_ =1 and Bbe (x,y)

a’ b
Then BC=2y and AL=a+X

A= %.2y.(a+ X)=(a+x)y= (a+x).§\/a2 —x?

=g(a+x)3/2(a—x)1/2 .............. (i)
dA b 3/2 /2 3 12
a+Xx) i —— 1+a X a+x
dx a{( ) 2\/aT( ) )1 )1
b\/— a—2x
=
For max.area d—A:O —x=2
dx 2
2
d—'2‘<0
dx
312, \1/2
AMang[%aj [%j :iabsqumts
a

2.Let x be the side of the square base & let y be tlle [leig[It of tlle square.

S.Aof box=1b + 2(lh + bh) = x? + 2(xy + xy) = x% + 4xy
S.A of box = Area of cardboard
x% + 4xy = c?

4xy = ¢? — x?

y= (%)

4x

Volume of box= x2y

V=x?y = x? (CZ_XZ)

4x

V= xc? — x3
4

awv 1

Y (2 _ 9.2

P 4(c 3x%)
dv

For max. Volume, —=0
dx
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c? = 3x?
2 C2
x4 =—
3
2
C
C2 - ?
From(x),y =

TR TR Ao
v 1
W—Z(—6x)———x<0
i =Lgy=--
~ V is max. when X—\E&y— -
M | , ¢ ¢ o "
ax.volume = x°y = —.——= = ——=cu units
YT3203 63

3. Perimeter of window =12cm
2(1+Db)+2b =12
21+ 2b+2b =12

21+ 4b =12

| = 1224 _ 4B3-b) _
=——=—=

23=b)=6-2b

A = Area of window = Ib + @bz — (6-2b)b + ?bz

=6b — 2b2 + Lp2 = g + VT _ g P05
A - f—
d—=6-|-_2(\/§ 8)b=6+(\/§ 8)b
db 4 >
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dA

%—0

6+(‘/§+8)b:0

12+ (V3 -8)b
> =0

(V3-8)b=-12
o -12 -12
~(V3-8) 8-+3

d’A V3-8
db? 2

b

<0

~ Area is maximum when b =

l=6-2b=6 z( e )
- - 83

24
8 —+3

_48-6V3—-24  6(4—V3)
~ 8-vV3 = 8-3

12

P
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TOPIC-6
INDEFINITE & DEFINITE INTEGRALS

(i) Integration by substitution
LEVEL I

Ql-J-secz(Iog X) 4x
X

Sol. Putlogx =t = idx =dt

fsecztdt = tant + C

= tan(logx) + C

mtanflx

e

1+x? ax

Q2. j

- d dt
Sol:putmtan™'x =t = —— ==
1+x m

=1 fetdt= et +C
m
:emtan‘lx_l_c
1
sin”+x
e
Q3.j dx
\ll—x2

Sol.Putsin'x =t =

dx

e AL

=[etdt=et+C=e""X 4

LEVEL Il

dx dx
QLf VE+x f\/E(1+\/x_)

Sol. PutvVx = ¢ =>j—;= 2dt

=22 =2log(1+1) +c

=2 log(1+Vx) + ¢

dx
Q2. =



Sol. fﬂjﬁ put x3 = t,= 3x2dx = dt
dx=£
3x?
. dt
"fgxsm
B dt 1 | I P
_fﬁ_§sec t+c =gsec™x’ +c
Q3-j dx
ex—1
dt dt

Sol.pute* —1=t > e*dx=dt >dx=—=——

e* t+1
rt [
T+ )\t t+1

= logt —log(1+1t)+c

X

t
=log|1—+t|+c=log |+c

ex
LEVEL Il
Vtanx

sinxcosx

QL[ dx

SO|. f tanxdx

sinx cos xvVtanx

sinx

— f coSsx
sinxcosxytanx

j dx
cos?x\tanx

sec®x

Vtanx

puttanx =t = sec’xdx = dt

=f%=2\/?+6=2\/tanx+ C

dx




Q2. [—X _x

secx+ cosx

sinx

_.f sinxdx
) 14 cos?x

putcosx =t = —sinxdx = dt

—dt
. _ _ -1 __ -1
"f1+t2 tan~"t+C tan™'(cosx) + C
dx
QS' fsinxcos3x
Sol. Multiplying Nr. & Dr. both by sec*x , weget
j sectx f sec®xsec®x
= = | ———dx
tanx tanx

(1 + tan®x)sec?x
= dx
tanx

put tanx =t = sec’xdx = dt

2 2
s [ ar = [ (3+t)dt=logt + S+ C

tan?x
2

= logtanx + +C

(i1) Application of trigonometric function in integrals
LEVEL |

QL1.f sin®x dx

Sol.Since sin3x = 3sinx — 4sin3x

3sinx — sin3x
4

3sinx — sin3x
fsin"‘x dx =f 2 dx

3

= sin°x =
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3 coS3x

= —Zcosx + 12

Q2.f cos” 3xdx

SO|.f (1+cgs6x) dx [ cos23x = 1+c;)56x]

= G + CO;“) dx = %x + Sir;x +C

Q3. [ cosxcos2xcos3xdx

Sol. :éf cos2x(2cosxcos3x)dx

=%f cos2x(cos4dx + cos2x)dx

1 1
= Ef cos2xcosdxdx +§f cos?2xdx

1 1
= Zf 2cos2xcosdxdx +Zf 2cos%2xdx

1 1
= ZJ(cos6x + cos2x)dx + ZJ(l + cos4x) dx

1 [sin6x sin2x Lsin4x
T4l s 2 T4

1+c

LEVEL Il
QL. [ sec*xtanxdx

Sol. = [ sec3x (secxtanx)dx

Put secx =t = secxtanxdx = dt

t4
=jt3dt=z+c

Qz-f sin4x dx

sinx

2sin2xcos2x
Sol. = [ iy

sinx



f 4sinxcosxcos2x
_ . X
sinx

= 4cosxcos2xdx

=2 f(Zcosxcost)dx
=2 f (cos3x + cosx)dx

2
= gsin3x + 2sinx + ¢

LEVEL Il
Q1.f cosSxdx

Sol. = [ cos*xcosx dx
= f(l — sin?x)? cos xdx

put sinx =t = cosxdx = dt

1(1 —t¥)%dt = J(l + t* — 2t?)dt

t+t5 2t3+
= —_— = c
5 3
, sin’x 2
= sinx + c —§sm x+c

Q2. [ sin?x cos3xdx
Sol. [ sin?x(1 — sin®x)cosxdx

put sinx =t = cosxdx = dt

= j t2(1—t?)dt

t3 t°
= [t =tHdt = ———+c
( ) 37T
sin®x sin®x N
= — c
3 5
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(iii) Integration using standard results

LEVEL I
dx
QLS s
Sol. = - &

[L2_9
x2=2
4

zlfd_x
e

= 11 + |x? (3>2 +

=5 og |x X > c
dx

Q2.f x242x+10

Sol.. x24+2x+10= x?>+2.x.1+12+10—-12

=(x+1)*+32
' ax 1. -1 (X
f(x+1)2+32 - 3tan ( 3 ) i
dx
Q3. f9x2+12x+13

=9(x%2+2 2+4+13 *
=9(x .x.3 st 9)

2

= 9((x + g) +1%)

f dx zlfd—x
9((x + %)2 +12) ? (x + %)2 + 12

=L tan-1 (X—Jrz/g):l tan™! (3x+2) +c
9 1 )7 3

LEVEL Il

xdx
x4+x2+1

QLS

Sol. Put x? = t = 2xdx = dt = xdx = dt/2
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. f dt/2
T2+t +1
1

't2+t+1—t2+2t1+1 +1
' B 2 4 4

cosx dx

Q2

sin?x+4sinx+5

Sol. Put sinx =t = cosxdx = dt

] dt

el _—
t2+4t+5
StP+4t+5=(t+2)2+1

dt B

= tan"1(sinx +2) + ¢
dx
B
Sol. «. 7 — 6x — x2=—(x% + 6x — 7)

= —[(x+3)2—-16] = 4% — (x + 3)?

f dx 1 (x+3
= sin ( )+c
42 — (x + 3)2 4

LEVEL IlI

2x
QLf Fm

Sol. putx? = t = 2xdx = dt
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S

Nwwl—t—t2=—@2+t—1)=—{@2+t+%)—(

e (F) - (5) -0

x2+x+1
x2—x+1

dx

Q2 J

x2—x+142x
——dx
x2—x+1

Sol.

= (1) d
- [+
=] (o

2x—1 1 )d
—x+1 Z—x+1 x

+1 2xm 1= 2 4
. x% —x = x2 x5+7-7 (x )

2x —1 1

:f 1+x2 x+1+ \/_2 dx
B _ Lo (V8
=37+ (3)

2 2x — 1
:x+log|x2_x+1|+—tan‘1< )+c
N e

x+2

B e

Sol. Let x + 2 :Add_x(x2+5x+6)+B

Tr1
4

)i
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=x+2=A2x+5)+B

= x+2=24Ax+54A+B

“24=1 ;54A4+B =2
2 1 B 1
—3 = — e
2’ 2
(2x+5)—— _1 2x +5
— dx
\/x2+5x+ Vx2+5x+6

f 2x+5 1 f dx
Vx2+5x+6 2 (x 5)2_(1)2

:\/xz+5x+6—%logx+g+\/x2+5x+6 +C
Q4 [ [dx
1- 1 (-2x)
SOII :jz f f*/l 22 Ef*/l zzd
=sintx+J1—-x2+C

6x+7

B e
Sol.(x —5)(x —4) = x? —9x + 20

let 6x +7 = A~ (x? — 9x + 20)+B =A(2x — 9) + B

= 6x + 7 =24Ax + (B —94)

—A=3;B=34

6x+7 . [3Qx-9)+34
Jx—=5)(x—4) Vx? —9x + 20
(2x —9) dx
dx + 34[
Vx2 —9x + 20 Vx2 —9x + 20
1=31, +34L, oo (1)

1

2

J

dx
Vx2+5x+6
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(2x —-9)
dx
VxZ —9x + 20

Putx? —9x +20 =t = (2x — 9)dx = dt

:f%=2ﬁ+C:2\/x2—9x+20+C

letIl =

; _f dx
27 ) VxZ—9x + 20

—ser20=(x-3) (3
X X =\x > )

2

:fd—x—log|(x—g)+m|+C

Je--0°
(1) = I=6vxZ — 9x + 20 + 34 log |(x — ) +VxT = ox + 20| +C

(iv) Integration using Partial Fraction
LEVEL I

2x+1
(x+1)(x—1)

QL [ dx

2x+1 A B
GrDGE-D G+D =1
22x+1=Ax—-1)+B(x+1)=(A+B)x+ (B—A)

S A+B=2;B-A=1

Sol. Let

2x +1 p 1 dx 3 dx
,[(x+1)(x—1) x_Ef(x+1)+§f(x—1)

1 3
=Elog|x+ 1] +§log|x— 11+ C

xZ
QZ'] G-Dex-DGx-HH

2 A B c

X
Sol- Let e ~ a0 T o2 T &)

x2=Ax—-2)(x—3)+B(x—1D)(x—-3)+C(x— 1 (x—2)

= x2=Ax*—-5x+6)+B(x?>—4x+3)+ C(x* —3x + 2)

81



=x*=(A+B+C)x*+ (—5A—4B —3C)x + (6A + 3B + 2C)

= A+B+(C=1; -5A—-4B—-3C=0; 6A+3B+2C=0

A ! B 4;C 2
ﬁ = - = — . [ g—
2’ ’ 2

x> 1 dx dx 9 dx
=>f(x—1)(x—2)(x—3)dx=§f<x—1)‘4f<x—2)+5f<x—3>

1 9
=Elog|x— 1| — 4 log|x — 2| +§log|x—3| +C

3x—2
(x+1)2(x+3) x

Q3

3x-2 A B c
(e+1D)2(x+3)  (x+1)  (x+1)2  (x+3)

Sol

=3x—-2=A(x+1D(x+3)+B(x+3)+ C(x + 1)?

= A+C=0;4A+B+2C=3;34A+3B+C=-2

2 11 B 5 c 11
== = = — =" = — —
4’ 2’ 4
3x —2 J 11 J‘ 11 dx
G+ D2Gx+3) " (x n 1) G+D?2 4) (x+3)
—loglx +1|+= (m) —14—1log|x +3/+C
LEVEL Il
x%+2x+8 _
QLS e ™=
x*42X+8 _ . 5x+6
Sol. Let (x-1)(x=2) 14 x2—3x+2
J‘ x2+2x+8 f(1+ 5+ 6 )d
(X—l)(X—Z) x2—3x+2)
5x+6
=x+ (x2_3x+2)dx ................ (1)
I =X+ Il

Where I; = f( aad )dx

x2—3x+2
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d
Let5x+6=Aa(x2—3x+2)+B

=5x+6=A4A2x—-3)+B
= 5x + 6 = 24x + (B — 34)

5 27
= A= ; B=——
2 2

dx

;(x2—3x+2)+22—7
L=
1 ,f x2—3x+2

5 27 dx 5 27 dx
= Ef dx+= =2x+=

x2-3x+2 2 27 (x 3)2_(1)2

2

2

5 27 2 2
= — —I —_ =
2x+2 og 3 1+C

5 27, [x-2
=—X+—Ilog——+C
2 2 x—1

X% +x+1
x2(x+2)

Q2.f

x’+x+1 A , B c

x2(x+2)  x @ x% @ x+2

Sol. Let

=A(x+2)x + B(x + 2) + Cx?
x2+x+1=A+C)x*+ A+ B)x+ 2B
= A+C=1;2A+B=1;2B=1

A B - C >
== = — = - = —
4’ 2’ 4

x?(x +2) Sl x+2 x_2+z

.Jx2+x+1 1(dx 1 (dx BJ

—1l 1+3l x+2)+C
= logx ———+ 7 log(x

x2+1
(x=1)2(x+3)

Q3. [

dx
x+ 2
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x?+1 A B c

(x-1)2(x+3) x—1 (x-1)2  x+3

Sol.Let

x*’+1=A(x—1)(x+3)+B(x+3)+C(x—1)?
=x2+1=A*+2x—-3)+B(x+3)+C(x*—-2x+1)
=(A+C)x*+(2A+B—-20)x+ (-34+3B+C)

= A+C=1;2A+B—-2C=0; -3A+3B+C=1

ﬁA—g-B—l-C—5
=g B=5C=

(x—xl):;x1+3) 8fx—1 f(x—l)2 8fx+3

- gloglx_ll_ﬁ+310glx+3|+c
LEVEL Il

Ql.fm X

Sollet —2  — 4 , Bx#C

(x+2)(x%2+4) x+2  (x2+4)
8=A(x*>+4)+ (Bx+CO)(x+2)
=(A+B)x*+ (2B + C)x + (2C + 44)
= A+B=0;2B+C=0;2C+4A=8
=A=1;,B=-1;C=2

dy = 1 (—x+2)
f(x+2)(x2+4) x_x+2+(x2+4)

— (Lgx-L 2

_fx+2dx zf(x2+4)d x+2 f 2+4)
=log|x+2|—%logl(xz+4)|+§tan‘1(§)+6
- 1 2 -1(X
—log|x+2|—;l0g|(x + 4)| + tan (E)-I_C

Q2. [ e

sinx+sin2x



SO|.f dx =f dx =f dx

sinx+sin2x sinx+2sinxcosx sinx(1+42cosx)

_ f sinxdx _ f sinxdx _ f sinxdx
- sin2x(14+2cosx) (1—cos2x)(1+2cosx) (1—cosx)(1+cosx)(1+2cosx)
Put cosx =t = —sinxdx = dt

—dt

sinxdx
- f (

1 —cosx)(1 + cosx)(1 + 2cosx) - f 1=+t +2t)

o[ dt
e+ (-1 @a+20)

, 1 4 B c
CErDE-DA+20 (=D @+ Ta+zo

21=At+1DA+20)+B(Et-1DA+2)+Ct-1(t+1)
1=QRA+2B+CO)t*+ (BA—B)t+(A—B—-0)

= 2A+2B+(C=0,3A—-B=0;A-B-C=1

a=tp-lco_?

== = — = - = —

6’ 2’ 3

f dt __1J‘ dt +_1j' dt 4J‘ dt
t+DE—-1DA+2t) 6J)t—1 2)t+1 3J1+2t
_1 _ 1 _ ilog|1+2t|

—6l0g|t 1|+2l0g|t+1| S, +C

= Zloglt — 1] + 2 loglt + 1| —Zlog|1 + 2t[+C

= %loglcosx -1+ %loglcosx +1| — glogll + 2cosx|+C
dx

1+x3

Q3.f

Sol. I=f -2 = [ &

1+x3 (1+x)(1—-x+x2)

1 A Bx+C
let = +
I+x)A—-x+x?) x+1 (A-x+x2)

=1=A1—-x+x*)+Bx+ C)(x+ 1)

1=(A+B)x*+ (-A+B+C)x+ (A+ ()
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= A+B=0; - A+B+(C=0;A+C=1

X 1

J.(1+x)(1—x+x2) 3)1+x 3 1—x+x2

(2x—1)——
3f1+x 1—x+x2 “dx
—1l 1+ f 2x —1 +1j‘ dx
399 x —x + x2 2] 1—x+ x2
—11 (1+x) 11 |1 + 2|+1f dx
_3og X 6og x+x > = =
T2 2
) +(

- Liga Lioglt 24 L1 I 24 ¢
—§og( +x)—gog| —x+x|+ETtan = |t

2 2

11 (1+x) 11 |1 + 2|+—1t ‘1(2x_1>+c
= =10 X)——=1L0 — X X an
3 g 6 g V3 V3

(v) Integration by Parts
LEVEL |

Q1.f xsec?xdx
Sol. [ xsec?xdx = xtanx — [ 1.tanxdx

= xtanx + log|secx| + ¢
Q2. [ logxdx
Sol.[ logxdx = [ logx.1dx = logx .x — f%.xdx
=logx.x—x+c
=x(logx — 1) +c
Q3/ e*(tanx + logsecx)dx
Sol. Since [ e*(f(x) + f'(x))dx = e*f(x) + ¢

Here, f(x) = logsecx
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f e*(tanx + logsecx)dx = e*logsecx + ¢

LEVEL Il
Ql. [sin"xdx

.1 _ .1 1 . 1
Sol.f sin™txdx = [sin"tx.1dx = sin™ x.x — [ 7= .xdx

1
Vi—x2

1
=sin"'x.x + E,f (—2x) dx

1
=Sin_1x.x+§.2 1—x2+C
=xsin"tx+J1—x2+C
Q2.f x?sin 1 xdx
Sol.f x?sin" x dx

Putsinlx =0 = x = sinf = dx = cos6do

sz sin“txdx = jsinZH.H.COSHdH

- sin36 sin30
=]9.sm Bcosfdo = 0. 3 —jl. 3 de
_ 50 1j3'9 n36)d6
= 0.— 12 (3sinf — sin36)
=0 sin’0 1[ infdo 1 f in360 df
=0.— 2 sin 17 sin
_95in39+1 6 ! 306+ C
=0.— 4cos 36cos

sin®6 1 _ 1
= 4. 3 + Z\/l — sin%0 — %[460539 —3cos0] + C

703 3
=0.%2 + 21 = sin20 — 5 (1 — sin?0)z + —VI — sin?6 + C

3

sin30 1 1 3
= 0. 3 +§\/1 — sin?6 _6(1 —sin%0)z+ C
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x3 1 1 3
=?sin_1x +§\/1—x2 —5(1—x2)5+C

=1
xXsin X
—dx

B =

Sol. putsin"'x =0 = x = sinf = dx = cosHdf

_fxsin‘lxd B 95in9.c059d9_f9 0d0
T ) V=22 x= cosf h st

= 6(—cosf) — f 1. (—cos6)do

= —0fcosO + sinf + C

=—J1—x2sintx+x+C
-1 1—x2

Q4 [ cos (1+x2) dx

Sol.putx = tan@ - dx = sec?6d0

_ 2
~ [cos™? (%) sec?dd =[ cos™! cos20 sec?0do

=2 f 0 sec?0dO = 2{6tand — logsecH} + C
=2xtan"tx —log|l + x?| + C
Q5. [ sec3xdx

Sol. I= [ sec3xdx={ secx(sec?x)dx

secxtanx — f secxtanx(tanx) dx

secxtanx — f secxtan®x dx

= secxtanx — j secx(sec’x — 1)dx
= secxtanx — [ sec3x dx+[ secxdx

~ | = secxtanx — I + log |tan (% + §)| +C
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+C

I:% [secxtanx + log |tan (% + g)” +C

LEVEL 111
Q1. cos(logx) dx

Sol.putlogx =t = x = et = dx = e'dt
I=[ costetdt = etsint — [ e'sintdt

= elsint — [e'(—cost) — f et(—cost)dt]
I = etsint + etcost — I

. 21 = etsint + etcost

1
== E[e sint + efcost] + C
x (1+x)
Q2 fe (2+x)2 dx

(1+x) (2+x-1) 1
Sol.f e* dx = [ ¥ D dx={ e* (7= - ——) dx

(24x)2 (24x)2 (24x)2

=240 [ [ + £ @)dx = e¥f () + ]

2+x

logx
ng (1+logx)?
logx (1+logx—1) 1) _ [ 1 _ 1 ]
Sol. f(1+logx)2 f (1+logx)? dx _f 1+logx  (1+logx)? dx

_f [ dx ]
1+logx (1+logx)2

1
14 logx f 1+ logx)2 f 1+ logx)2

X dx dx X
= + - +c=
1+logx f(1+logx)2 f(1+logx)2 1+logx

Q f(2+sm2x) e* dx

1+cos2x



SO|.f (2+sin2x) e* dx = f [ e*.2 n ex25inxcosx] dx

1+cos2x 2cos?x 2cos?x
=fexsec2xdx+fextanxdx
Integratefirstbyparts,
I = extanx—fextanxdx +fextanxdx

= e*tanx + C
Q5 e**cos3xdx

Sol. Let | = [ e**cos3xdx

2x

ex e
= cosBxT — f(—3sin3x)7dx

er

3
— _ 2X 3
cosBx—2 + Zfe sin3xdx

e2X 3 . 02X 02X
= cos3x — + > (sin3x — — [ 3cos3x ——dx)

e? 3 . 2x 9
= 0053x7+zsm3xe _ZI

9,_ e? 3 . 2x
I+ Z|—COS3X - + Zsm3xe

2x

3
— ] = - — i 2x
7 coS3x > +4sm3xe

4 e?* 3 5
— cos3x—+zsm3xe 1+ C

I
13 2

1
= E(Zcos3x + 3sin3x)e®* + C

(vi) Some Special Integrals

LEVEL |
QL. V4 + x2dx

2
Sol.f V4 + x2dx = ;—C\/4+x2+27log|x+\/4+x2| +C
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Q2.f V1 — 4x2dx

Sol. 2f (%)2 — x2 dx

=2[= (1)2 —x% 4+ gsin‘1 (1%)] +C

2 2

2

)
=X > X 4‘Sl‘l’l X

LEVEL Il

Ql.fVx? + 4x + 6 dx

Sol. . x2 4+4x4+6=x*>4+22.x+4—-4+6

=+ +(V2)

VTR Bdx = [ G+ 207 + (V2)

2
x+ 2 V2
=(2—) x2+4x+6+%log|(x+2)+\/x2+4x+6|+C

x+2
=( )\/xz+4x+6+log|(x+2)+\/x2+4x+6|+C

2
Q2.f V1 —4x —x?dx

Sol.. 1 —4x —x? = (\/g)z —(x+2)?

f\/1—4x—x2dx=f\/(\/g)z—(x+2)2dx

(x+2) 5 X+ 2
= 1—4x—x2+—sm‘1( )+C
2 2"\

LEVEL 111
QL [(x+ 1)Vl —x—x2dx

Sol. Letx+1=A;—x(1—x—x2)+B
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x+1=A(-1-2x)+B

= —24x+ (B — A)

A B !
et = — — = —
2’ 2

.-.f(x+1)\/1—x—x2dx

= —L(~1-20) V= x —x%dx +} [ VT = x = x2dx

_ _%(1 — x3;2x2)3/2 N %f \/(@f ) (x . %)2 .

= —g(l —x—x2)32 4 l{@\/(E)Z - (x + l)2"‘@51'71—1 (x+3) s

2 2 2

1 1 1 5 2x+1
== — = — — y2)3/2 — — _ 42 —cin—1
3(1 X —x“) +4(x+2) 1—-x—x +8sm ( )+C

Q2.f(x —5)Vx2 + xdx
Sol. Let (x — 5) =Aj—x(x2 +x)+B
x—5=ARx+1)+B

= x—5=24x+ (A+B)

2 1 B 11
ﬁ _ - = ——
2’ 2

-'-J(x—S)\/xz +xdx=%f(2x+1)\/x2+xdx—%J\/x2+xdx

102 +x)% 11 L (1)2d
27 32 2] Gt g) &

1

3 1 z
_ieanr uffred) —— ()

1
Z4 a2
> 3 > > > log|x+2+ X +x| +C

2
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1
1 s 11| [x+3 1 1
==(x?+x)2—-— 2 \/x2+x—§log‘x+§+\/x2+x‘ +C

Definite Integrals
(1) Definite Integrals based upon types of indefinite integrals

LEVEL-I
1 2x+3
SHET
1 2x+3 x 1
Sol.fy gaay dx =2 [ gy + 3 ) g dx
lf 10x +3f 1 P
=T = | ————=ax
5)5x2+1 5], 1\
2+ ()
= [llog(sz +1) + itan_l(\/gx)]l
5 \5 o
= 1(log6 —log1) + 3 (tan™1V5 — tan~1 0)
5 V5
1 3 -1
= _logé +—=tan V5
Q2.2 Vsinx cos®xdx

V3
Sol. [z Vsinx (1 — sin®*x)*cosxdx
Putsinx = t; cosxdx = dt,

T
Whenx=0=>t=0&x=E=>t=1

=j Ve (1 —t?)?dt
0

3/2 411/2 £7/2 1

+ —-2
3/211/2° “7/2],

1 9
= f (t% 4+ tz — 2t5/%)dt = l
0

_(2+ 2 4)_ 64
~\3 11 7/ 231
Qs. fozx\/x+ 2dx

Sol.Putx+2 =t =dx =dt
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whenx =0 =2>t=2;x=2 =t=4

= [}~ 20/2)de = [Bez - gts/z]z_[(ﬂ 2)_ @2l

5

32 \/—
—+—=V2=— 1
== f VZ+1)
LEVEL-II
QL. J-1 x2+4x+3 dx
2 4x+3
Sol. f 2+4 +3 dx = Sf 2+4x+3 dx =5 fl a- x2+4x+3

—sfzd 10f2 2x+4 d+25] dx
A * . X2 +4x+3 * x2+4x+3

—sfzd 10f2 2x+4 az+25]2 L
-2 2 +ax+3 L +22—1

x+2—117°

25
[Sx —10log|x? + 4x + 3| +—log

= 5 — 10(log15-log8)+2(log= — log =
2 5 2

15 25 6
=5-— 1Olog§+7log§

Q2.f” (———) 22y

Sol.J; (3= =) e¥dx = [} —d x — [} = ePdx

Integrate first by parts,

=R e
2x2 ; 2x? €

=—(e -2)

(i) Definite integrals as a limit of sum
LEVEL |

QL [(x + 2)dx

=51~

2(2x+4)-5

x2+4x+3

) dx
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Sol. We divide the interval [0,2] in n-equal sub interval each of length h.
snmh=2-0=2
Here, f(x) = x + 2
f(0)=0+2=2
f(O+h)=f(h)=h+2
f(O+2h) =f(2h) =2h +2
f(0O+3h)=f(Bh)=3h+2
fO+(Mm—-1Dh)=f(n—1Dh)=mn—-1)h+2
=~ By the definition of definite integrals as the limit of sum,

j (x+ 2)dx

0

=flli_n)”(t)h{2+(h+2)+(2h+2)+ Bh+2)+ .....+((n=1)h + 2)}
= flli_%h{(z +2+-ntimes)+h[l+24+-+(n—-1)]}

_ lim B2 hn(n—l) _ lim {2k nh(nh — h)

= fimh(zn + =5 = lim(2nh + ———)
, 2.(2—h) 2.(2-0)

= lim{22+ =~} =4+ =4+2=6

Q2f(1 + x)dx
Sol. We divide the interval [0,4]in n — equal subinterval each of length h.
~nmh=4-0=4
Here, f(x) =x+ 1
fO)=0+1=1
FO+h) =fh)=h+1
f(0O+2h)=f(2h)=2h+1
F(0+3h) =f(3h) =3h+1

fO+(Mm—-1Dh) =f(n—Dh)=mn-1Dh+1
=~ By the definition of definite integrals as the limit of sum,

f (L +0)dx = lim {1+ (A + D+ (2h+ 1D+ Gh+ D + et ((n = D+ 1)
O e

= ’llin% h{(1+ 14+ 1Intimes)+h[1+2+ -+ (n—-1]}

) n(n—1) ) nh(nh — h)
= phin g = i )
_ 4.(4—-h) 4.(4-0)
= lim{4+ ————} =4+ ———=4+8=12
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LEVEL Il
Ql.ff(Bx2 —1)dx
Sol. .\We divide the interval [1,2]in n — equal sub interval each of ength h.
snmh=2-1=1
Here, f(x) = 3x2 —1
f(H)=3(1)2%-1=2
f(A+h)=31+h)?—-1=3Q2h+h?)+2
f(1+2h) =3(1+2h)2—1=3(.2h+2%h?) +2

fA+(m—1Dh)=31+n-1Dh)?>—-1=3{2.(n—1Dh+ (n—-1)%h%*}+2
=~ By the definition of definite integrals as the limit of sum,

2
f (3x%2 — 1)dx

1
= limp_o h{2 + [3(2h + h?) + 2] + [3(2.2h + 22h?) + 2] .....4+3[2.(n— Dh +
(n — 1)?h?]}+2
= lim h{(2+ 2+ +ntimes) + 6h[1 + 2+ -+ (n — 1)] + 3h*{12 + 2% + - ...

+ (n—1)%}
—1 -1)(@2n-1
= lim h{2n+6hm+3h2 n(n )(2n )}
h—0 2 6
6nh(nh —h h(nh — h)(2nh — h
= lim{2nh + - (”2 ) | 31 2( 0N

:’{m{z+6'(12_h)+31'(1_h6)(2_h)}=2+3+1=6
Q2.f7(x? + 1)dx
Sol.We divide the interval [0,3] in n — equal subinterval each of length h.
~nh=3-0=3

Here, f(x) = x? + 1

fO=(0)3+1=1

f(O+h)=f(h)=h*+1
f(O+2h) =f(2h) = (2h)?* +1
fO+(Mm—-1h) =f((n—Dh)=((n—Dh)?+1

=~ By the definition of definite integrals as the limit of sum,

3
f (x2 + 1Ddx = ’{% h{1+ [R? + 1]+ [(2h)2 + 1] ......+[((n—1)h)? + 1]}

= ’llirré h{(1+ 1+ -+ ntimes) + h?2{12+ 2%+ ..+ (n—1)?}
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n(n—1)(2n — 1)

— Ji 2
= pm hin +h ———} = lim{nh +
.3—h)(6—h
= lim{3 + 3. 6)( )}=3+9=12
(|||) Properties of definite Integrals
LEVEL I
Q1. TEJI‘Z vtanx
1+\/tanx
= Jtanx
Sol. Let] = 2 ——
Vsinx
= fg Jcosx dx = E Vsinx __Ysinx 0
0 1+\/m 0 \/m+\/m ...........

I:fg “Sin(g_” dx = 2 eosx

0 : e p—
\/cos(g—xﬁ\/sm(g—x) Stn x+cosx

Adding (1) & (2) we get,

mh/m =f§dx=(£—0):_

21=
fO Vsinx+cosx

szl \/_+\/4_x

3 Va-x
Sol.Let |_f1 TN
— fs V4_(4'_x) dx _ f3 \/}
! Va=x+,/4—(4-x) -
Adding (1) & (2) we get,
_ 3VA-x+Vx 3 . 5
21=), —\/E+\/ﬁdx = [[dx=[x]{ =
o I = 1

Q3.J2

sin*x

sin*x+cos*x

sin*x

[
Sol. Let 1=/

sin*x+cos*x

nh(nh — h)(2nh — h),

6
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e sin* (g—x) cos*x

T
= = =2 —
0 sin4(5—x)+cos4(5—x) 0 cos*x+sin*x

Adding (1) & (2) we get,
21=f2 dx=(§ - 0) =

=>I—7T
4

LEVEL Il

X

QL2

sinx+cos x

Sol. Let 1= [2 ————dx.............. (1)

0 sinx+cosx

e G—%

2
- .fo sin(g —-Xx)+ cos(g —X)

_Z G

0 cosx+sinx

Adding (1) & (2) we get,
T n T
ZI_E 2 dx _ fz dx _T f; dx
270 cosx+sinx  2vZ2 70t cosx+-Lsinx 2vV2 70 sinZcosx+costsinx
N 5 z z

T f% dx _T fg dx
24270 sinl—tcosx+cosl—tsinx 2v/270 Sin(%+x)

T
T

|

= Lf cosec(E + x)dx = [L log |cosec (E + x) - cot(E + x)
2x/§0 4 242 4 4

T
=——Ilog|vV2+1
PR |
T Xxsinx .
Q2. = [, X (D)
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—x)sinxdx

1+ cos?(m — x)

Vi
B j‘ (mr —x) sin(r — x) dx
- 1+ cos?x
0

(@

Adding (i)&(ii), weget

Vs

5] = f T sinxdx
) 14 cos?x
0
T
1 (wsinxdx
I = —f — Putcosx =t = —sinxdx = dt
2) 1+ cos?x
0
Whenx - 0;t - 1 &x — T;
T —dt T
== = ——[tan"1¢]{?
2 f 17z Zltan T th
1
T
I = —E[tan‘l(—l) —tan™11] = —
VA xtanx
Q3.f0 secxcosecx
_rm  xtanx
Sol. Let I= fo X (1)

(m —x)tan(mr — x)

N fo sec(m — x) cosec(m — x)
T (m —x)(—tanx)
dx

—Secxcosecx
T (m—x)(tanx)
———dx

0

0 secxcosecx
Adding (1) & (2) we get,

T tanxdx T . o T 1—cos2x
2= || —————— =@ | sin“xdx=m
0 secxcosecx fO fO
T T T T
2o dx = [, cos2xdx

Z (= 0) — = (sin2m — sin0
> 4(sm7r sin0)

T

2
2
.I_T[Z
RS _4

(ii)

t-—1
Tr—T Tl.']_TI.'
204 41 4
dx
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Q4 f/6 1+\/tanx
Sol.Let I= f &
e 1+Vtanx

”/3 vcosx 1
= n/6 cosx+\/51— ................. (1)

/s \/cos (§+g—x)

:'L/6 \/cos(§+%—x)+\/5m(§+%_)x

_ Vsinx
f% e X )

dx

Adding (1)& (2)we get,

21= f/3dx (——E)=

6

L

=] =—
12

LEVEL 11

Q2.1 = f(?log(sinx)dx e vee e vee e (D)

T T

I = f log (sin (g—x» dx = f logcosxdx ... ... ... ....

Adding (i) & (ii), we get

21 = | [logsinx + logcosx]dx

o

log[(sinx). (cosx)] dx

Ct—— iz

e

2sinxcosx
- o (222

0

(i)
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sin2x
log( > )dx

Il
Ot —— iz

(logsin2x — log2)dx

St —— i3

log2 dx

Ot ——nia

2
= flogsiandx—
0

]

2

T

= flogsiandx—logZ.E
0

T[

2

dt

Now, f logsin2xdxPut2x =t = dx = >
0

i
whenx—>0;t—>0&x—>§;t—>n

s ., dt
=/, logsint=

N =

T
] log sintdt
0

T
1
= Ef log sin(m —t) dt
0

n 2
1 1
=§jlogsintdt=§.2jlogsintdt=l
0 0
21 =1 — log2—
=~ log2

101



Q?:.fon/4 log(1 + tanx) dx

SO|.|:f0n/4 log(1 + tanx) dx

= fon/‘* log (1 + tan (g - x)) dx:fon/4 log |1 + % dx
/4 , /4 /4
=f logmdx = log2f dx —f log(1 + tanx) dx
0 0 0
/4
= long dx — 1
0
_ /s _ T T
21=log2 [, "* dx =log2(; — 0)=; log2
21 =2log2
o = 8 Og
(iv) Integration of modulus function
LEVEL Il

QL[] [lx — 2| + lx — 3] + |x — 4[]dx

3 4 5
Sol. = [llx — 2| + |x = 3| + |x — 4[]dx + [[[lx — 2| + |x = 3| + |x — 4[ldx + [, [Ix — 2| +
x—3+xr—4|ax

3
=][x—2—(x—3)—(x—4)]dx
5

+j[x—2+x—3—(x—4)]dx+J[x—2+x—3+(x—4)]dx
3 4

3 5
=!(5—x)dx+3f(x—1)dx+!(3x—9)dx

Y PO . R
= |oX 22 ) x3 2 X

=|(15-2) - @0 -2)| +|(8-4) - (2-3)| + [(Z - 45) - (24 - 36)]

5

4
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Q2.f_21|x3 — x| dx

Sol. We note that x*> - x = 0 on[- 1,0] and x* - x < 00n[0,1] and

that x3 - x = 0on[1,2]

2 0 1 2
f|x3 —x|dx = f(x3 —x)dx + f —(x3 —x)dx + f(x3 —x)dx
-1 -1 0 1

_x4 xzz_l_x2 x41+x4 x2]?
N ) 2 4 )
1 0 1

R

T

Q3. f_EE[sinlxl — cos|x|]dx

2

T s

Sol. [ %[sin|x| — cos|x|]dx = 2 [?[sinx — cosx]dx
2

= 2[—cosx — sinx]g =2(1+1)=4
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TOPIC-7

APPLICATION OF INTEGRATION

Q) Area under Simple Curves
LEVEL |

2 2

Q1. Sketch the region of the ellipse );—5+31/—6 =1 and find its area, using

Integration

Sol. N
(0,4)

/ B(5,0) X

S 2
N 1

v

Figure shows the required area of the region of ellipse

Req. area = 4 area of OAB

5
4
=4J§\/25—x2dx
0
_16]x = 2+25 ,_1x]5
=T |3 X Zsm 5,

=210 + Zsin? 1] = 2 B I = 20rsq. units
5 2 522

Q2. Sketch the region {(x, y) : 4x* + 9y? = 36} and find its area, using
integration.

2 2
Sol. we have, 4x2+9y2:36=>%+y7= 1
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Figure shows the required area of the region of ellipse

Req. area = 4 area of OAB

3 3
2 2
=4f§\/9—x2dx=4j5\/32—x2dx
0 0
8x 9 x13
— —|—= 32_ 2 ] —1_]
3[2\/ X +25m 3l,

=0+ 2sin"t1] =
3t 2

w |
N | o

g = 6msq.units

(i) Area of the region enclosed between Parabola and line

LEVEL Il

Q1. Find the area of the region included between the parabola y* = x and the
linex+y=2.
Sol. AY y2 =X

§ (1,1

0,1) X
0 >
(4’_2)

0,-2) y=2

Figure shows the required area between parabola and line

Req. area = area of shaded region OAB
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1

= f(XLine— Xparabola) dy
-2

1
= f(Z —y—y3dy
-2

2 371
y y 1 1 8
=2y ———— =21—-—=-——)—-(-4-2+-
[y : 3]_2 (21-5-3) - (-4-2+3)

= —5§q.units

Q2.Find the area of the region bounded by x* =4y, y =2, y = 4 and the y-axis
in the first quadrant.
Sol. Y

v

The required area is shown in the figure

/214 3 3 _
Req. area =f24 xdy = f: 2\[ydy :2[% Zzg (45 - 25) =2 38‘/5 Sq. units

LEVEL IlI

QL Solution Let us first sketch the region whose area 1s to
be found out. This region is the intersection of the

following regions.
A ={(xp»:0sysx+1}.
A ={xy:0=sy=sx+1}
and A ={(x)):0<x<2} X'<
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The points of intersection of y = x%+ 1 and y =x + 1 are points P(0, 1) and Q(1, 2). From the Fig, the

required region is the shaded region OPQRSTO whose area
= area of the region OTQPO + area of the region TSRQT

:. 1(1'1+1)d.r+ 2|;;;-+1;|a';1-
0 1

. —|,,£+xﬂ1 +D‘f_+lﬂ:

B At 3 / 0 \ 2 J 1

_ |'21+1]—ﬁ}+[{2+2}|—|'21+1\'|}=§
3 277

(iii) Area of the region enclosed between Ellipse and line

LEVEL Il
52 y2
QL1.Find the area of smaller region bounded by the ellipse EJFE =1 and the
straight line 5 y =1.
4 5

Sol. 4 Y

5

C X
,0) —

4
L

Req.area is shown in the figure = area of ABCA

45
f 16—x2——(4—x)]
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4

5
= f[ 16 —x?2 — 4 + x]dx

x x2 ]
l{—\/ 16 — x2 + 85in‘1Z —4x + 7}]
0

4{0+8§—44+8} —Hn—SL:Mn—Zﬁqumm

(iv) Area of the region enclosed between Circle and line
Level 11
Q1. Find the area of the region in the first quadrant enclosed by the x-axis, the
line y = x and the circle x> + y* = 32
Sol. The point of intersection of circle x* + y* = 32 and line y = x.
is (4,4) v 1

C(4,4)
B@J_mx

Req Area = area of OBCO = area of OACO + area of ABCA

42
1
=§.4.4+j V32 —x2dx
4

X > L X 42
=8+[— 32 —x +16sin‘—]

= 8 +(0-8) +16(; —7)

= 4m Sq. units
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LEVEL 11

Q1. Find the area of the region : {(x,y): X2 + y2 <I<x +y}
Sol.
A Y

B(0,1)

A(LO) X

Req area = fol(\/l —x2—1+x)dx
x 1 x?
= [{Evl — x? +§Sin_1x - X +7}

<1 1 1+1) T 1 s "
—X=—1+=]=(=-2)Sq.
2772 3) = (G =) Sq-units

1

0

(v) Area of the region enclosed between Circle and parabola
LEVEL Il

Q2. Find the area lying above the x-axis and included between the circle

x?+y®=8xand the parabola y* = 4x.

Sol.The given equation of the circle x? + y? = 8x can be expressed as
(x- 4)% + y? = 16.
Thus, the centre of the circle is (4,0) and radius is 4.
Its intersection with the parabola y? = 4x gives
x? + 4x = 8x
or x2-4x = 0
or x(x-4) =0
or x = 0, X =4
Thus, the points of intersection of these two curves are 0(0, 0) and P(4,4)
above the x axis. From theFig, the required area of the region OPQCO
included between the two curves above x — axis is
= (area of the region OCPO) + (area of the region PCQP)
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~
g

P44

0 C(4.0) I

8

4
=j ydx+jydx
0

4
8

=2f04\/§dx+f 42 — (x — 4)2dx

4

3 4

2 X
:2§ 3 +[§ 42—(x—4)2+85in‘1

2

T
(x - 4)]4

0
—32+[40+142 "11]—32+[0+8n]—(32+4 )s it
_3 2_ 2_ .Sin —3 .2 = 3 s q.units

(vi) Area of the region enclosed between Two Circles

LEVEL Il
Q1. Find the area bounded by the curves x> + y* = 4 and (x - 2)* + y?* = 4 using
integration.
Sol.Equations of the given circles are x* + y* =4 ... (1)
and (x—2)> +y?=4 ... (2)
Equation (1) is a circle with centre O at the origin and radius 2. Equation (2) is a circle with
centre C (2, 0) and radius 2.
Solving equations (1) and (2), we have
(x 72)2 + yz =2+
o> —4x +4+y?=x*+y? orx =1which givesy =+ 3
Thus, the points of intersection of the given circles are A(1, 3) and A'(1, — 3 ) as shown in the
Fig
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Required area of the enclosed region OACA'O between circles
= 2 [area of the region ODCAOQ]
= 2 [area of the region ODAO + area of the region DCAD]

1 2

=2{fydx+fydx}
0

1

=2{J\/4—(x—2)2dx+J\/4—x2dx}
0 1

2

(x—2) 1 (x—2) ! x 1 x
=2 4—(x—2)2+=.4.sin"1—— 2[— 4 —x? +—=.4.5i _1—]
l > (x )+2 sin > ]0+ > x+2 sin 2]1

1 2
=[(x—2)vJ4—(x—2)2 +4.sin” ! (XT_Z)]l + [x 4 —x2 + 4.sin‘1§]]1
! 0

[ 1 1
= |—V3 + 4sin~1(~ E) —4sin" (=] + [4sin™'1 -3 - 4sin‘1(§)]
. T T 11 s
= (—\/5—48) +4§] + [45—@— 45]
= 8?” — 2+/3 Sq. units

(vii) Area of the region enclosed between Two parabolas

LEVEL Il
QL. Draw the rough sketch and find the area of the region bounded by two
parabolas 4y? = 9x and 3x? = 16y by using method of integration.
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Sol.

B(4,3)

0(,

The point of intersection of curve 3x* = 16y &4y? = 9x are (0,0) &(4,3)

Required area = area of OABCO

4
= f(yUpper - yLower)dx
0

4

3 3

_ a2
f(z‘/; 16x>dx
0

4

3
2

3 x3
3

= =(4§—0)—%(43—0)

N| W

X
3
2 0

=8 —4 = 4 sq.units

(viii) Area of triangle when vertices are given
LEVEL 11
Q1. Using integration compute the area of the region bounded by the triangle
whose vertices are (2, 1), (3,4),and (5, 2).
Sol. Let A(2,1),B(3,4)and C(5, 2).
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Equation of AB is —2 = 4:—1

xXx—

N

y—1
x—2

=

=3 =y=3x-5

Similarly, Equation of BC is y = 7 — xandEquationofCAisy = %1

B@3,4)

CG,2).

A2, 1)

L(20) IM@B0)  N(5,0) |

Required area of AABC = f23 Vapdx + f35 Yge dx — f25 Yea dx

5x+1

—f (3x—5)dx+f(7—x)d —f
[ x? 3 2\ 1] x? >

:_(37‘5x)lz+K”“‘?)L‘él%“”lz

=[(35-15)-(35-10)]+[(35-F) - (21 -))] 3G +5 - G +2)

= :(22—7—15)—(6—10)] [( 5——)—(21—;)]—%[(§+5)—(2+2)]

= 4 sq.units

Q2. Using integration compute the area of the region bounded by the triangle

whose vertices are (-1, 1), (0, 5), and (3, 2).

Sol. Let A(-1, 1), B(0, 5) and C(3, 2) are three given vertices of a triangle as shown in the
figure.
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Equation of AB X2 = 22
x+1 0+1

~y=4x+5
Equation of BC 3y = 15 — 3x and Equation of CA y = z + %
Y a
B(0, 5)
\ C@3.2)
A(-1,1) X N
L(-Lﬁ)/u M3, 0) —

Required area of AABC = f_Ol Yapdx + f03 Ypc dx — f_31 Yea dx

0 3 :
=_jl(4x+5)dx+!(5_x)dx__fl(£+g)dx
=+ —

(e [=-2] G-

N———
O
Uy
U1
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21 9+30-1+10
=(0+0—2+5)+7—( 3

L2148 21 o 150
> 3 = > = ) q.vnits
(ix) Area of triangle when sides are given
LEVEL Il
QL. Using integration find the area of the region bounded by the triangle whose

sidesarey=2x+1, y=3x+1,x=4.

Sol. Here y=2x+1............. (D)
y=3x+1............. (2)
X=4 3)

Solving (1) & (3), we get (4, 9) , Solving (1) & (2),we get (0, 1) & Solving (2) & (3) we get (4,
13)

vy 1 C(4,13)
y=Bx+1x=4
B(4,9)
X+1 !
AQ,1 |
| X
Q IM(4,0) >

Required area of AABC = f04 Yacdx — f04 Yap dx

4 4
= f(3x+ 1)dx—f(2x+1)dx
0 0
2 4 2 4
_ x x
(% +x)], - 125 +x)];
=[(3 42—2 + 4)-(4%2 + 4)] = (24 + 4) — (16 + 4) = 8 sq. units
Q2. Using integration compute the area of the region bounded by the lines

X+2y=2,y-x=1, and2x +y =7.
Sol. Here, x+2y=2............. (1)
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2X+Y=T. i, (3)
Solving (1) ,(2) and (3), we get
A4, -1), B(2, 3) and C(0,1)

L(0,3] B(2, 3)
C0.1) h>=

O AW
M(0, -1 (4, -1)

Required area of AABC = f_31 Xpcdy — {ff Xge dy+f_11 Xucdy}

=7, () dy - Uy - D dy+[, 2 - 2y)dy}

_ %K” - —>] —{ (— - y)] + 12y - y)]Ly)
3E-9-(-3-G-9)-G-1)+ie-n-ca-n

= (? + 1?5) - (% + %) +4=12 — (2 + 4) = 6Sq. Units
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TOPIC-8

DIFFERENTIAL EQUATIONS

1. Order and degree of a differential equation
LEVEL I
Q1. Write the order and degree of the following differential equations

. (d?y ’ dy )’ B
0] (d?] +(&j +2y=0

Sol. Order of Diff equation is =2
Degree of Diff equation is =2
2. General and particular solutions of a differential equation

LEVEL |
2
Q1. Show that y=e™ +ax-+b is the solution of e* 3—2’ =1
X
Sol. We have,
y=e*4+ax+b...... (1)
Differentiate (1) w.r.t x , we get
d
d_ic] =—e"+a
Again, Differentiate,
d’y d?y
¢ Tl
3. Formation of differential equation
LEVEL Il

Q1 Obtain the differential equation by eliminating a and b from the equation
y = e*(acosx + bsinx)
Sol.The equation of curve is

y=e*(acos x+b sin x)

Differentiating y w.r.t. X , we get

yi=e*(-asinx +bcos x) + e*(a cos x+bcos x)
Ory, -y =e*(-asinx+bcos x) --------------- (1)
Differentiating wrt x once again we get

Y, - y1=e*(-acos x-b sin x) + e*(- asin x+b cos x)

=e*(acos x+b sinx) +y, -y (fromi)
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Ory,-y1=-y+y; -y

d? d
Or y, -2y, +2y=0 or==-2224+2y =0
LEVEL Il
Q 1. Find the differential equation of the family of circles (x - a)? - (y - b)2 =r?

Sol. The given curve is (x — a)?+ (y — b)? =12

Differentiating wrt x, we get
2(x—a)t2(y —b)y1 =0

_ (x-a)
=75
_ _ ((&-b)-y1(x-a))
yZ__[W]
(x-a)(x-a)
(Y- +(—=—=
}’2:-[ (y—b)}; : ] from (1)
_ ((o-b*+x-a)?); _ _-r?
y2=[ )3 ] T
2 2 2
Now 1+v.2=1+¥=2° _(=b)*+x-a)*)
ow 1+y, D)2 by
2 __1?
b (y-b)?
2 6
r(1 23 —[_"" 3__T"" B
Or (1+y,°) [(y—b)Z] oy 3)
T'4
Y22 == 10M (2) coreerrooneeeerr e @

From (3) and (4) we get
(1+y,%3 _r° —
SRS o (L4yi?)Eryy
Q2. Obtain the differential equation representing the family of parabola having
vertex at the origin and axis along the positive direction of x-axis

Sol.The equation of parabola may be taken as

y2=4ax ------ (1)

Where a is parameter

Differentiating wrt X we get

2yy, = 4a ------ (2)
From (1) and (2) we get
y: _
2yy; 4a

y _ -
2_3/1_X ory= 2xy1

4ax

dy _
ZXE—y
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4. Solution of differential equation by the method of separation of variables
LEVEL Il

dy _
dx
Sol.The differential equation is

— dy _
v1=(1+x)(1+y) or oy (1+x) dx
Integrating both sides we get

ay _
fm—f(1+x)dx+c

Q1. Solve 1+ X+y+Xxy

x2
log|1 + y|:x+7+c
dy

Q2. Solve FYia e’ cos x given that y(0)=0.

Sol. The given differential equation is

Z—z =e Y cosx oreYdy=cosxdx
Integrating both sides , we get
[eYdy = [ cosxdx +c

eY=sin x+c

Given that x=0, y=0 So e®=sin 0+c ,c=1

eY=sin x+1

Q3. Solve (L+ xz)% —x=tan" X
X

Sol. The given differential equation is

d _
(1+x2)Z - x=tan1x
dx
d x+tan~1x
Or&-xrtan X
dx 1+x2

Integrating both sides , we get

fdy :fx+tan;1xdx+c

1+x

x
1+x2

tan~1x
dx+[——dx+c

Y=
=§log(1 + x2)+§ (tan~1x)%+c

2y=log(1 + x?) + (tan"1x)? + ¢
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5 .Homogeneous differential equation of first order and first degree
LEVEL Il

Q1. Solve (x2 +xy)dy = (x2 + y2)dx

Sol. Thegivend.e.is (x* + xy)dy = (x* + y?)dx

dy x?+y?
Tax = x? + xy
dy dv
Lety = xv,thena = xa +v
x% 4+ x%v? 1+ v?
S”EJF V= X2+ x2v 14w
dv 1+ v? 1-v
xa - 1+v_v=1+v
1+v dx —-(1—-v)+2 dx
(1_v)dv=70r—1_v dv=7
2 dx
or (—1 +1_v)dv=7
Integratingbothsides
] (-1 +1Ev)dv = log|x| + ¢

—v —2log|1 —v| =loglx| + ¢
Or —X—2l0g|1—X|=log|x| + c
X X

—%— 2loglx —y| + 2log|x| = log|x| + ¢
%— 2loglx —y| +loglx| = ¢
LEVEL 11

Show that the given differential equation is homogenous and solve it.

Q1. (x—y)y:x+2y
dx

Sol. The given differential equation is(X—Y) % =X+2y
X

Integrating both sides we get
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1—v dx
f—dv— —+c
X

1+v+v:
f—1/2(2v+1)d +3J‘ dv _ dx+
T+tv+vz 2 Tvv+v2 X T€

dv

1 3
—_—— 2 —_— —_—
= 2log(1+v+v)+2f R logx +c
w+37+(3)

1 2 3 1 v+1/2
:—Elog(1+§+(z) )+—. tan™! / \‘=logx+c

X 2 43 V3
/2 /2
1 1 2v+1
_Z 2 2y 4 = 2 -1 _
= 2log(x +xy+y)+zlogx ++V3tan ( NG ) logx + ¢
1 2241
= —=log(x? + xy + y?) + logx + V3 tan™! [ = = logx + ¢
2 73
1 2y +x
= —=log(x? + xy + y* +\/§tan‘1< )zc
> log( y+y°) Tix

Q2. ydx+ X Iog(%)dy —2xdy =0

Sol. wehave, ydx + xlog (%) dy —2xdy =0
dy ¥y
dx  2x —xlog (%)

dy dv
puty = vx :a= X tv
dv v
=>xd_ +v_2—logv
dv v dv —v+vlogv
= x—= =—

dx_2—l0gv_v ﬁx%‘ 2 —logv
2 —logv dx
—dv = —
—v + vlogv X
Integrating both sides we get

f 2 —logv dx
— 7 _dv=| =
—v + vlogv X
2dv logvdv ﬂ
fv(logv—l) - fvlogv—v - f X +I0gc

2log(logv — 1) — log (vlogv — v)=logcx
= log (logv — 1)? — log(v(logv — 1)) = logcx
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l —1)?
o (logv - 1)
v(logv — 1)
l -1
ogv

) = logcx

=>log¥=1+cy

03.Solve xdy — ydx =/ x2 —y?dx

=cx = logv =1+ cvx

Sol. The given differential equation is

xdy - ydx =/ (x? —y?)dx
xdy = (y ++/(x* —y?))dx
dy _y+JG2-yH)

X

dx

Let @ _
= - — = —_—
ety = xv xS TV

dv
Sox— +v=1v + 1—v?

dx
dv _ dx

v1—v2_ X

Integrating both sides we get

f dv p fdx+C
v=| —
V1 —v2 X

sin"'v =log|x| + ¢

sin‘l% = logx+c

Q4.Solve x*ydx — (x* + y*)dy =0

Sol.The given differential equation is

x%ydx = (x3 + y3)dy

dy x2y
Or— = —2
dx x3+y3
Let @ _ 4w,
= —_— — = R
ety =xv = — = x——+v
dv x%xv

Sowegetv+ x— =———7—
& dx  x3 4+ x3v3

N dv v
v+ x—=
dx 1+ v3
dv v v—v—vt —v?
X— = — vV = = =
dx 1+ v3 1+v3 1+ v3
1+ v3 —dx
or 7 dv = —
v X
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Integrating both sides we get
[k dyaw = [ & 4 togc
Cztdv= ~ Tlog

»3

— + logv = — logx + logc
y -

=3} +logx— logx + ¢

X
357 + loglyl — logx = — logx + logc

Q5. Solve xdy — ydx = /(x* + y*)dx

ay _ . [z 2
Sol.xdx y X% +y

on =2+ [+ (&)

Let dy dv+
= —_ — = —_—
ety =xv Ix xdx v
dv
= x—+v=v++1+v?
zllx
v
=>Xa=\/1+1)2
dv dx
= =—
vi+vZ X

Integrating both sides we get
= log (v +1+ vz) = logx + logc

};/)2 = logcx

=y +/x%+y?% =cx?
dx
6.Solve(y + 3x°)— = x
Q6.Solve(y + 3x°)

= log %+ 1+(

Sol.d—y =24 3x
dx X
dy dv

= —_ — = P
Lety = xv I xdx+v

dv
=v+x—=v+3x
dx
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7 3
et —_— =
xdx X

= dv = 3dx

Integrating both sides we get
=>v=3x+c
y

=>;: 3x+c¢

=y =3x%+cx

Q7. SolveX dy+(y—x*)dx=0
dy _ x3-y 2 Y

Solax ~—  «x =X x
d
AP
dx x

1
Here P = i and Q = x2 So IF = e/Pdx = el3d*=glogx — 4
Solution is given by

Y(I.F.) = ]Q(I.F.)dx +C

yx = fxz.xdx+ C

ad +C
= yx = —
x3 C

=y=—4+—

y 4 x
Q8. Solve xdy + (y + 2x?)dx = 0
SolZ 42— 2

dx x

1

Here P = ~andQ = —2xSolF = e/P¥ = /s =logx = x

Solution is given by

Y(I.F.) = fQ(I.F.)dx +C
yx = j(—Zx).xdx +C

2
yx=—=x>+C

3
2, C
:>y=—§x +;

6. Linear Differential Equations
LEVEL |

Q1.Find the integrating factor of the differential Xg—i —y=2x*

Sol.The given equation is xy; — y = 2x2
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1
ORy, + (— ;)y = 2x,

1 =
HereP = — ;anszZx So IF = e/Pdx = ¢/ %
IF = elogx™ = y1 =
X
LEVEL Il
dy :
Ql.Solved—+2ytanx=smx
X
The given differential equation is
So
Y @t = sinx +
I (2tanx)y = sinx+c
HereP =2 tanx ,Q = sinx
Sol.F. = edex — ethanxdx — p2loglsecx|

— glog(secx)® — (sec x)z

Solution is given by

Y(I.F.) = fQ(I.F.)dx +C
y(secx)? = fsinxseczxdx + C

y(secx)? = ]tanxsecxdx + C

y(secx)? = secx + C

dy
2.Solve (1+X)——

Q2.Solve (1+x) ~

Sol. The given differential equation is

y=e*(x+1)°

dy
1 _ — p3Xx 1 2
(I+x) -~ -y =e?(1+x)

Ord—y + (_—1))1 =e3* (1+x)
dx 1+x

Sol.F.= elPdx — JCTRdx _ p-log 1+x) — (1+x)71 =

1+x
Solution is given by

1
— — 3x
Y(I.F.)—jQ(IF)dx+cORy(l_I_x) Je (1+x) 1+xdx + C
=je3"dx+C
Yy 1 s
T+x 3¢ *¢
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Q3. Solve xg
dx
Sol.The given differential equation is

+y = xlog x

d d
x% + y=xlogx0R£ + % = logx
1 1
Herep = ;;QZZOQXSOI.F.Z el Pdx — plzdx _ logx —

Solution is given by
Y (I.F.) =fQ(IF)dx +c
Yx = fxlogxdx +c
1
Yx=logxfxdx— f(;.fxdx)dx + C

x? 1x2 x? x?
xy = —logx — f——dx + C = —logx—z + C

2 x 2 2
LEVEL Il
QlSoIveﬂ = Cos(X + Y)
dx
Sol The given differential equation is
dy 4
T cos(x +y)
Letv = x + dv_1+dy dy _ dv 1
etv=x yordx— dxordx_dx_
0 dv 1 =
rdx = (cosv)

dv 4 1 zvd _ g

1+ cos(v) xorzsec 2 Ve

Integrating both sides, we get

1] 2Zdv = x +
ZSBCZV—XC

12t J= +
> anz—x c

xX+y
Or tan > = x+c
Q2.Solve ye¥dx = (y° + 2xeY)dy
Sol The given differential equation is
yeYdx = (y3 + 2xe¥)dy
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dx _y*+2xe” 2x y®
dy B yeY B y ey

b Dx=ye
y

dy
2
HereP = —— ,Q = y?e™”
y 2
Sol.F.= el Py = oJ 5% — g-2l0gy _ glogy~
, 1
I.F.= y :)7

Solution is given by

(IF)x = j QUF)dy + C

ix = 2 —yid
57 —fy e 57 y+C
%zfe‘ydy+C =—eY +C
x = —y*e™ + cy?
2 dy
Q3.Solve x &: y(X+Y)
Sol. The given differential equation is
x2dy
o - Y ty)
or 2 Y
dx x?
dy dv
Lety=xv=>a =v+xa
dv  xxv + x%v? 5
0rv+xa=T=v+y
dv , dv dv
x§ =7 orﬁ = 7

Integrating both sides, we get

1
fv‘zdv = log|x| + cor — 5= loglx| + ¢

X~ loglx| +
—— =loglx| +c
y

2

dy  4x 1
4.Solve —+ =—
Q dx X211’ (x* +1)°
Sol.
The given differential equation is 22 + (—x—)y =
e given differential equation is —— (x2 n 1)y =

1

@
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4x 1

H =—, = —_—— —
reP=211% T T e

4x

Sol.F.= elPdy — efx2+1dy — g2log(x*+1) — ,log((x*+1)%)

I.LF.= (x*+1)?
Solution is given by

y(IF) = f Q(IF)dx + C

(x? + 1)?

NCEDE dx +c¢

y(x*+1)? =

1
2 12:.f_ d
y(x“+1) —(x2+1) x +c
y(x?+1)> =—tan"'x +c¢

Q5 Solve the differential equation (x + 2y2)% =y ;given that when x=2,y=1

Sol.The equation is

dy
2v23) = =
(x+y)dx y

4oy = dx
X y —y.dy
Loy =Y
—_ y:_
y dy
dx X )
— —Z =2y
dy y
HereP = ——,Q = 2y
1
SolF = ef_;dy = 3_109|y| :elogy_l :y—l zi

Solution is given by

x(IF) =fQ(IF)dx+C
1 fl 2ydy + C 2y +

—X = | -.zyay =y r¢

y y

Giventhat x=2,y=1,s02=2+¢,C =0

Z-2y0 2y?
- =2y Or x=2y
y
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TOPIC-9

VECTOR ALGEBRA

(1) Vector and scalars, Direction ratio and direction cosines & Unit vector
LEVEL |

QLSol: d=1+j—5k;b=1—4j+3k
Now, d@+b = (i+]—5k)+(— 4} +3k) = 20— 3] — 2k

|d+b| = 22+ (=3)2+(-2)2= V& + 9+ 4 =17

b 20-3j-2k 2t 3} 2k
Bl V17T V17 V17 V17

Unitvector || a+b =

Q2 Sol: Letd =1 — 2] + 2k

unit vector in the direction of a

|Q¢

= 4=

Qu

Vector of magnitude 15 unit in the direction of @ = 15 @

Now |d| = /12 + (=2)2+22=V1+4+4=3

i—2j+2k

3 = 5(1 — 2f + 2k) = 51 — 10j + 10k

~ Required vector = 15a = 15 *
Q3Sold=i+j—kb=i—j+k;C=—i+j+k
d+b+¢=(>+j—k)+i—j+k) +(—i+j+k)

=i+j+k

Q

-

unit vector in the direction of d+b +¢ =

| N

+
+

S S

+
+

Q
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_itjtk_ 1 j k

"6 GiBTE

A\ AN A\
Q4Sol:a =2i + j + 2k

unit vector in the direction of a

AAA
~ 21 + j +2k
= 4= . ——

| 3

| =1

B

S5 A A
Q5Sol: Let a=1 -2 ]

unit vector in the direction of d

|Q¢

:d:

Qu

Vector of magnitude 7 unit in the directionof a = 7 a@

Now |d| = 12+ (=2)2+ 02 =VI+ 4 =15

VAN VAN
R d Ta7e 23 77 5%
~ Required vector=74=7 % —— = — -
LEVEL 11

ioj k - R
(@+b)x(d—b)=|2 3 4|=1(-6+4)—j(-4-0)+k(-2)=0
0 -1 -2

=1 =-21+4j— 2k
Unit vector L tobotha+b&3a—b

i —204+4f-2k -204+4fj-2k -20-2+k) —-(@G-2j+k)
n=—w—= = = =

il Va+ 16+ 4 V24 2v6 NG
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—5(-2j+k)

Unit Vector L to both 3+ b & 3—b & of magnitude 6 = 7

Q2 Sol:Given|d +b| =1 ; || = 1,|b| = 1
= |a+b| =12 =@ +b2+2d.b =1
= G2+ b2 + 2|&||B|cost9 =1

= 14+14 2cos68 =1

= 2c0s0 = —1 = cosf = -

NN AA A 5 AAA
+k,b=4i-2j+3kandc=i-2j+Kk

AN AN AN AN AN AN AN AN

A\
20—b+3¢=2(i + j+k)-(4i-2j+3k)+3(i-2j + k)

Unitvector | 2d — b + 3¢ = —
|2a—b+3€|

__i-2j+2k
3

=Vector of magnitude 6 unit in the direction of 2d@ — b + 3¢ = 6 (2@ — b + 3¢)

i—2j+2k

= 6% =2(1 — 2 + 2k) = 21 — j + 4k
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LEVEL - 11l
Q1 Sol: Let ], m, n are the dc's of line

~ 1l =cosa, m = cosfl, n = cosy

We know that [? + m? + n? =1

= cos?a + cos?f + cos?y =1

= 1-—sina+1-sin?f+1—-sin’y =1
= 3 — sin?a — sin?f — sin’y =1

= sin’a + sin?p + sin’y = 2
Q2 Sol: valueofp =?
Given (i +i+ E)p is a unit vector

Let @ = pi + pj + pk

.-.|C_i|= /p2+p2+p2=1 ﬁﬁp:lﬁp:iz

Q3 Sol: Let the angle between line &y — axis be 6

‘ f(\/i)2+12+12

|i]cosO

il

Then, (V2i+j +k).j =

2 1
=1= (\/E) .1 cosf = cos6 =3
Q4 Sol:d = 3+ 2j + 9k ;b =1+ pj + 3k
dallb
~ dR’s are proportional
3 2 9 3 2 2
= = = = —_= p —_—
1 p 3 1 p 3
(if)Position vector of a point and collinear vectors
LEVEL -1
Q1Sol: 04 =5i+3] ;0B =31—]

Let C is the mid pt of AB

—  OA+0OB  5i+3j+3i-j PN
Then, OC = =200 44

2 2
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Q2 Sol: InA ABC
AB+BC+CA=0

20— j4+2k+i+3j+5k+CA=0

= CA+31+2j+7k=0
= CA=—-3i+2]+7k)
Q3 Sol:Let A(1,0), B(6,0)&C(0,0)
AB=6i—1=5 ,BC=—61 , CA=1
[4B| = 5,|BC| = 6, |C4| = 1
- |4B| + |C4| = |BC|
= A,B and C are collinear

LEVEL - 11

Q1Sol: GivenOP = i+2j—k ;0Q0=—-1+j+k
Let R divide PQ in the ratio 2:1 externally

2(—i+]j+k)- (+2j-k)_ _ ~

Then OR = — —3i + 3k

Q2Sol: GivenOP =2d+b ; 00 =d—3b

Let R divide PQ in the ratio 1:2 externally

Then OR = OQ;_ZZOP:(H_%):?(ZHM) =3d +5b
Now, OQ;OR _ (a—3b)+2(3a+5b) _ 4&;21; — 2345 =0P
~ P is the mid point of Rand Q
(iii) Dot product of two vectors
LEVEL -1

QlSol:d.b= (31— +2k).(2i+3/+3k)=6-3+6=9
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Q2Sokld| = V3 ; |b|=2 =ad.b=6

Let 0 be the angle between 3.b

ib V6 V2 1
s cosO = — === =—
ldl[b] V3.2 2 2
p 1 T p T
oo = — _:> [
cos 7 cos4 2
-. _ @b _ 6 _Vi_ 1
Q3 Sol: -~ cosO = AE =
p 1 T p T
cosd =— =cos— =6 =
V2 4

LEVEL -1l
Q1 Sol: Let d@ = xi + yj + 3k

d(t—-3k)=0=>x—-32z=0...(0)
d(i—2k)=5=>x—2z=5...3i)
d(l+j+4k)=8=>x4+y+4z2=28.........(iii)

Solving (i) &(ii) we get, x=15,z=75
Putting in eq (iii)) y = =27
Then d = 151 — 27j + 5k

Q2 Sol: Given : |5in_5| = |d’.5|

= absinf = abcosf = sinf = cosb

i
:tan9=1:9=tan"11=z

. 9_7-[
!
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Q3 Sol: & = 2 + 2j + 3k

b -

~>

~>

c=31+]

+2i+k

axXAb = (20+ 2] +3k). A(=i+ 2/ + k) = 2 — DI+ (2 + 20)f + 3 + Dk

(GXAb) 1 ¢

(GXAb)XZ = 0
= [2-Di+@+2Dj+ B+ Dk].[3i+j1=0
=>2-1)3+ 2+21)1+B3+1).0=0
26—-—31+2+21=0=>8-1=0=>1=8

LEVEL - 111
Q1 Sol: [@d — b| =1dl?+ |b| — 2ldl|b|cos6
=1+1-2co0s6=2-2cos6 =2(1-cosH)
=2.2sin?2 = 4 sin? 2
2 2

2 ] ]

N

2

Q25Sol: |a+ b| = |a — b|

la + b|? = |a — b|?

a’® + b? + 2abcosl = a® + b?> — 2abcosH

=4abcos€=0=>c059:0:>9:§

Q3 Sol: (1) Vector is @&b arel ifd.b = 0

|a —b| = Sin2§:>5in—=

Lia-p
Zli—5

=(3t—2j+4k).(Ai—47+8k) =0

—40
=31+8+32=0 =31= ~40=>1= ——
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(2) When d@&bare ||

Q4 Sol: Given (¥ — a). (¥ + a) = 15
= X2 —-d?=15= |¥|*—|d|* = 15
S |X?P—-1=15=>|¥?=16=> |X| =4
Q5S0l:3=5{—j+7kand b=1—]+ pk

+b=61—2+ (7 + Wk

js)

i—b=4+(7- Wk
Given that 3+ b & & — b are orthogonal
(@+b).(3-b)=0
(61 — 2j+ (7 + wk).)(4i + (7 — Wk)=0
24 4+49 —p2 =0
=>p? =73, u=4V73
Q6Sol:
AB= (1- )i+ (-3 +Dj+ (-5 —Dk= —i" — 2] — 6k
BC= (3 -1)i+(-4+3)j+ (-4+5k=20" -]+
andCA= (2 — 3)i+ (-1+ 49 j+ (1+ k= -1+ 3]+ 5k
— 2 —,2 —,2
|AB| = 41= 6 + 35 = |BC| + |CA|

Hence, the triangle is aright angled triangle.

Q7 Sol: The vector which is L to both 3 & b must be || to aXb

S|t J ok -
Now, dXb = |1 4 2|=1(28+4)—j(7—-6)+k(-2—-12)
3 -2 7
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=32 —j— 14k
Letd = A(@Xb) = A(321 —j — 14k)
Thené.d = 15
= 2(324) + (—1)(=A) + 4(—144) = 18
= 641+ 1— 561 =18 = 91 = 18

“ A=
d = 2(321 - j — 14k) = 641 — 2j — 28k
b=b.?=¢.d = 0

- ¢ —>2 =12 =2 212

=>|d+b+c| =ldl*+|p| +I62+0+0+0
= A+ 2+ 27 =32
|d+b+¢| =31

Let o, B,y is the angle between 3+ b + ¢ and 3,b and @

(@+b+7).d
@+ b+ 2ldl

a.d+bd+ca ld? 22 1

AL 322 32 V3

. oS a =

1 1
Ily, cos B =75 C0sY =5
Hence, @ + b + ¢ is equally inclined with vector a, b and ¢
- 2 - -
QoSol:jd+b+¢| =(@+b+7).(@+b+7)

s la+b+él =ldl>+|b| +I1¢2+0+0+0
- 2
=|d+b+¢| =32+42+52=9+16+25=750

- 2
= (@+b+¢) =50=>a+b+c=V50=5V2

(iv) Projection of a vector
LEVEL -1

Q1 Sol: Projection ofd on bif

=>d.b=28
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& = 2i+6j+3k = |b|=V4+36+9=7

_ab _s8
bl T 7
AN L N A
Q2Sol:Leta=i — j,b=1i + |
Projection ofdonb = %’T:% =0
A A A AN A
Q3Sol:Leta=1i —2j +3k,b=3i -2j+k
|d| = V14, |b| = V14
. A A A AN A
>adab=|1i —2j +3k |.(3i -2j+k)=10
N 9_*.5_ 10 10 _5
COSY = Glle] ~ Viavia 14 7
=6 12
= Cc0S " —
7

A A A A A A
Q4Sol:Leta=1 +3j +7k,b=7i — j + 8k
d.b_7-3+56 _ 60

Projection ofaonb :m_ — —

LEVEL - 11
Q1 Sol: GivenA(0,—-1,-2), B(3,1,4), C(5,7,1)

AB =31+ 2j 4+ 6k;BC = 21+ 6j —3k ;AC =50+ 8j + 3k
|AB| =V9+4+36=vV49=7 ;|BC|=V4+36+9=7 ;
|AC| = V25 + 64 + 9 = V98
AB? =49; BC? =49 ; AC? =98

AB? + BC? = AC?
~ ABC is a right angled triangle rt. angled at B
BC.AC 49 1

¢ = Belac] os vz
C = 45°
oo f = AB.AC _ 49 1
AB||ac| 78 V2
A = 45°
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Q2 Sol: Consider a cube of edge =1unit

Y A

v

Z
Then co — ordinates of vertices are A(1,0,0),B(01,,0),C(0,0,1),
D(1,1,0),E(1,1,1),F(0,1,1),G(1,0,1)
LetAFandDE are two diagonals

ThenCD =1+ 7§ —korDC = -1 —j + k
AF = —1+j+k
Let © be the angle between CD&AF
ThenCD . AF = |C—D)|X|ﬁ|XCOSH

= 1-1+1=vV3.4/3c0s0 = 1 = 3cosH

= 0==>0= 1_
cos cos

Q3Sol:Let x,y,z be real numbers such that

xd+yb+z¢é=0

= x(d — 2b +3¢) + y(=3b + 5¢) + 2(—2d + 3b — 48) = 0
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= d(x — 22) +B(—2x—3y+32) +c(Bx+5y—4z)=0

=x—2z=0...... (D
= —2x—3y+3z=0.......(2)
= 3x+5y—4z=0........(3)
~()=>x=2z

~ from (1)&(2) = 3y+z=0.......(4)
=~ from (2)&(3) = 5y +2z=0.......(4)
Solving (4)&(5),we get y=0,z=10
from(1) = x=0
Thus,x =0,y =0,z=0

- - - - - - - -
hence, a - 2b +3c,-3b + 5cand - 2a + 3b - 4c arealso coplanar

LEVEL — I
Q1 Sol:Letd = a,i + a,j + ask

I
B w
| +
()
(e}
W
N
)
I
—_
[}
B w
+
(o)
Q
()
[\S]
)
Il
—_

=c0s20 =~ =cosf === ==
* 1 12 1 3 T
Here are the components ,a = 7 +37 +5k&9 =3
Q2 Sol: We have, |d| = |b|=|¢| = 4, d.b=b.¢=¢.d = 0
2 -
|d+b+¢é| =(@+b+¢).(@+b+7)
=d.d+d.(b+¢&) +b.b+b.(@+&+cc+2(d+b)
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N 2 —,2
= ld+b+¢l =ldl>+|b| +I1¢2+0+0+0

= A+ 22+ 2% =32
|d+b+¢l =32
Let a, B,y is the angle between d + b+ ¢and3 band g

(@G+b+¢).d

S oS a = " = T

|a+b+c||a|
_d.d+b.d+ca |d? 21
NEYW) V312 V322 43

lly, cos B =+ =—=
Y, cos =5 cosy =7 )
Hence, @ + b + ¢ is equally inclined with vector @, b and ¢

Q3SolB, lé = B, = Ad
By =B —PB=2-30Di+1+1)j—3k
Bola=>apf,=0
=532-30)-(1+2)=0

1
56-91-1-1=0 =5-101=0=1=>
. _1 3/\ A
- 31—5( )|

1

=B, = ﬁ—ﬁ1=<2—3%)i+<1+§>j—3fc

RN N N >
Q4 Sol:Givena =3i-4j-4k,b = 2

AB=b—-d=—-1+3j+5kBC=¢—d=—-1—-2j—6k ;

|[AB| = /(-1)2 + 32 +52 = V35 ; [BC| = /(=1)2 + (=2)2 + (—6)2 = V41 ;

|[AC| =22+ (-1)2+ 12 =6
AB? =35: BC? =41 ; AC?*=6

AB? + AC? = BC?
= ABC is aright angled triangle rt. angled at A

—,2 —,2 N
Q5Sol: |[@d —b| =1dl*+ |b| — 2ldl|b|cos
=1+1-2co0s60=2-2cos6 =2(1-cosH)
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) Y
=2.2sin? -=4 sin? o

1|c7t—l_9)|2=sinzgrfsin€=l|d—5|
4 2 2 2
A|SO,1|C_i + B| — cos?
2 2
6 _3ld—b|_|i—b|
tan- =+——= = ——
2 “la+b| |a+b]
(vii)Cross product of two vectors
LEVEL -1
QlSol: If|d| =3,|b| =5 ;dXb =9
|laxb| =2

laxs|” = 1a?|b|” - (axb)’
=32,52 _92 =9X25 — 81 =225 — 81 = 144

|axb|” = 144 = |axb| = V144 = 12

Lo j k
Q2 Sol: axb =| 1 -7 7
3 -2 2
= (-144+14)i—- (2 -21j + (=2 + 2Dk
=0.i+19] + 19k
|5ixl_7)| =192

Q3 Sol: : Given (¥ —p). (X +p) = 80
= x2 —p?=80= |¥|*> - |p|*> = 80
= ¥?-1=80=|X|?=81=|%¥| =9

Q4 Sol: Givend =21+ 6] + 27k ; b =1+ 3j + pk

=i(6p—81) —j(2p —27) +k(6—-6)=0
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=i(6p —81) —j(2p —27) + k(0) =0
=6p—81=0 =p=""

LEVEL - II
Q1 Sol: Givend = 20+ 6j + 14k ; b=1—Aj + 7k

~

S|t 7k R S
(@xb)=1{2 6 14|=1(42+141)—-j(14—-14)+k(-22—-6)=0
1 -1 7

=1(42 +141) — j(14 — 14) + k(=22 —-6) = 0
=1 = -3
Q2 Sol: (& — b)x(a + b) = dxd — bxd + dxb — bxb

=0+dxb+dxb+0

= 2(dxb)
Q3 Sol: Let 0 be the angle between@&b
Then, sinf = l‘?)XB' =5 _1
l@l|b] 34 2
s
0 = si -1 = —
sin c
Q4Sol:d.b=d.¢=0
dLlb&dLlé
allb.é
d=A(bx¢) = ldl =|a(b x 3|
=1= il|5||c|sm—

LEVEL — 111

QLSol:i.(fxk)+j.(ixk)+k (ix))

=t 04+ f (=) + k. k=1-1+1=1
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Q2 Sol: Vector 3&b are such that|3| = v/3; |B| = 2
&|axb| =1

Let§ is angle between d&b

oo Jaxpl _ 1 V3
Then Sln9_|a||5|_\/§.§_ .
V3\ &
6: in"1|—)=—=
sin <2> 3
Q3 Sol:
G=1+j+k ;b=j—k ; ¢=cii+c,j+csk
i k ~ ~
@WXEO =1 1 1|=cz—c)—jlcz—c))+k(c;—¢c1)=j—k
€ C2 C3
= C3 —Cp = O; C3—C = —1...... (l); Chy —C1 = =1 (ll)
$C3=C2

(a)(8)=3 $C1+C2+C3=3

=+ 2c3=3 i vt (THD)
Solving (i) & (i) we get,
2
el C3 = §
1 2 1

e = . = —.

Cy = C3 3
5
== Cl - §

=bxd
(Gxb)—(@x&) =¢éxd—bxd
= d(b—¢) =d(¢-b)
=d(b—¢)—d(é-b)=0
=d(b—¢&)—d(b-¢)=0
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=(@-d).(b—¢)=0
Hence, (@ —d) Il (b - &)
Q5 Sol:leth; = 21— j+3kand @ = 20+ 4] — 2R, B, | @ = B, = Ad
~ By = A1+ 4f — 2k)
Br=PF—P1=2(1-1i—(1+41)j+ 3 +2Dk
Bz.].(lﬁ(l_ﬁzzo
=>4(1-2)—4(1+40)—-2(3+20) =0
1
> -241-6=0=1=—7

r2t+ai—2k)y=—ti— 741k
“Pr=—7 QI+ 4 - 2k)=—ci—j+ok

5B, = ﬁ—ﬁ1=2(1+%)i—(1+4(—%))j+(3+2(—%)l§

~>

21 “+3I€—( ! “+1IE)+5(“+“)
b= —\T2t7 T3 2T

(viii)Area of a triangle & Area of a parallelogram
LEVEL - 1|

Q1 Sol: Given Sides=a; = 3i +j — 2k ; a, =1—3j + 4k

it 7k R
aXa; =3 1 —2[=1(4-6)—j12+2)+k(-9-1)
1 -3 4
= —2i—14j — 10k
Areaof | gm = |a;Xa;| = |-2i — 14f — 10k|

= V4 + 196 + 100 = V300 = (10V3) = 10vV3 sq units
Q2 Sol: area of llgm =|dxb|

Q3 Sol:
Given vertices of AABC, A(1,1,1),B(1,2,3),C(2,3,1)

~

AB = 01+ j + 2k&AC =1+ 2j + Ok

=i(—4) —j(-2) + k(0 —1)

~

=—4i+2/—k

o o1

~>
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Areaof A= %|EXR| = %|l—4i+ 2)) — k

Areaof A=2VT6+ 4+ 1 = Y22 sq units

LEVEL - 11
Q1 Sol: Given diagonal = d, = 31+ j — 2k ; d, = i — 3j + 4k
j ok
1

i
3
1 -3 4

d.Xd, = =1(4—-6)—j(12+2) + k(-9 - 1)

= —20—14j — 10k

Areaof || gm =-|d; . dy| =7 |—2i — 14j — 10k

1 1 1
- 5\/4 T 196 + 100 = E\/300 = E(10\/§) = 5V3 sq units

Q2 Sol: Let a, b,2are the position vector of vertices of AABC
AB=b—-d&BC=2—b
1
Area of AABC = -|AB |=—|(b—a)X(c—b)|
| X&— bXb — dXZ + axb|
= |bXé — aX¢ + axb|
1, 5
=5 |bX¢ + axc + axb|
Q3 Sol:
Given vertices of AABC, A(1,1,2),B(2,3,5),C(1,5,5)

AB =1+ 2j + 3k&AC = 0i + 4) + 3k

=1(6—12) —j(3—0) + k(4 —0)

—_
BSOS

= —61— 3] + 4k
1 1 "
Area of A= E|ABXAC| = E|—6i— 37 + 4k]|

Areaof A=2v36+ 9+ 16 = Y2 5q units
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TOPIC-10

THREE DIMENSIONAL GEOMETRY
(i)Direction Ratios and Direction Cosines

LEVEL-I
QI Sol: Dr’s of line joining (1,0,0) and (0,1,1) is —i+] + k
Also, |-+ + k| =y (-1)2+ 12+ 12 =3

111
V3'V3'V3

Q2 Sol: Direction cosines of the line passing through the pts (—2,4,—-5), (1,2,3) are

=~ Dc's of line joining (1,0,0) and (0,1,1)are —

3 3 3
1 = = =
V32+22+82 Vo9+4+64 77
-2 -2 8 8
m = = ,n = =
V32422482 477 V32422482 477

Q3 Sol: Let line is making 6 with each axis

[l=cos0 =m=n=k(say)

s PHEmMPAnt=1=k?*+k*+k*=1=3k?*=

k? . k=+ ! =+ !
= = —— =+—cl=+—=m=n
3 BTG
LEVEL-II
Q1 Sol: Given line is% = % = %

=~ Direction Cosines of a line || to the given line are

-3 -3 -3

] = = =
JE3)2+(-2)2+62 V9+4+36 0 7

-2 6
7

N o

-3 =2
~ Direction Cosines are7,7,
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Q2 Sol: Given line is% = % = %

=~ Direction ratio of aline || to the given line are , < -3, -2, 6 >
Q3 Sol: We have,X;—3 = %2 - Z;_G

=~ Direction Cosines of a line || to the given line are

= 2 _ -1 _ 2
T J@2+(-1D2+32  VA+1+9  Via
-1 3
- n=_>_
V14 V14
2 -1 3

= Direction Cosines are , ,
V14 V14 V14
Q4 Sol:Let line is making 0 with each axis
l=cos0 =m=n=k(say)

L PHEMPAnt=1=k*+k*+k*=1=3k* =

= k? = 1=>k—+ !
3 V3
l +1
o =T—=m=n
V3

(ii) Cartesian and Vector equation of a line in space & conversion of

one into another form

QL1 Sol: Vector Equation of the line% = ¥t 29

7 -2
r = (51— 4§ + 6k) + A(31 + 7§ — 2k)
y+3 z+5

Q2 Sol: Equation of line || to% == through the pt. (1,2,3) is
x—1 y—-2 z—-3
3 2 6
Q3 Sol: Cartesian form of the line ¥ = (1 — 2§ + k) + A(21 +§ + 2k) is
x—1 y+2 z-1
2 1 2
Q4 Sol:Cartesian form of plane is 2x — 3y +z+4 =0

(iii) Co-planer and skew lines
LEVEL-II
Q1 Sol: Here a; =i—j—ka, =2i—]

by =20+],b,=1+j—k

c(@—a)=14+0/+k
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1 0 1
Now,(az —ap).(bXb) =12 1 0|=1(-1-0)—-0(-2-0)+1(2-1)=-14+1=0
11 -1

~ The lines intersect each other

The Cartesian form of lines are

x—1 y+1 z+1
2 1 0

()

x—2 y+1 z-0
1 1 -1

=3 A ¢1)) |
~ any pt.on line (i) is
x=2A+1y=A-1,z=-1
=~ any pt.on line (ii) is
X=p+2,y=p—1,z=—p
** the pts on each line common
p=Lpu—-1=A-1=2A=1
=~ the pt of intersection is (3,0, —1)
Q2 Sol: Let A, B, C are the dR’s of normal to the plane containing the pts
(0,-1,-1),(4,51) &(3,9,4)
~Ax—-0)+B(y+1)+C(z+1)=0......(1)is req. plane

Hence A(4—-0)+B(5+1)+C(1+1)=0

= 4A+6B+2C=0..........(i)
& 3A+10B+5C=0......(ii)
A -B C

“30-20 20—6 40—18
A B C A B C

= —= = = —=
10 —-14 22 5 -7 11
=~ the plane (i) is

5x+ (7N +1)+11(z+1)=0=>5x—-7y+11z+4 =0
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If the pt. (—4,4,4) is on the plane

i. e all the given four pts are coplaner

x-1 y-2 z-3
3 4

QD) =x=14+2) y=24+3h z=3+4r

2)=x=4+5K y=14+2u; z=p

line (1)& (2) intersect, then points of intersection concides

2142 =4+5p ,243A=1+2p 3+4r=p

Q3 Sol: Let

= (1)

and

= 2L =50 =3 uu..(3)
BA—210 = =1 e (4)
Ah—p==3 .. (5)
Solving (3)&(4), we get
A=—-1u=-1

This value satisfies eq(5)
= line (1) & (2) intersect
=~ point of intersectionis (—1,—1,—1)

LEVEL-III
Q1 Sol: Coplaner condition for two lines

a1 by Cq1 az b, C2
X =X1 Y2—=V1 Z—7Z; —-1+3 2—-1 5-5
=| & by ¢t =] -3 1 5
ap b, C2 -1 2 5
2 1 0
=[-3 1 5/=2(5-10)—1(-1545)=-104+10=0
-1 2 5

=~ The lines are coplaner

x+3 y—1 z-5
The eq of aplaneis =| —3 1 5 [=0
-1 2 5

~x+3)65-10)0--1D(15+5+(Z-5(-6+1)=0
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& =5x+3)-(y-1D(-10)+(z—-5)(-5)=0
& —=5x+10y—5z—15-10+25=0
& —=5x+10y—5z=0 or—x+2y—z=0

Q2 Sol: Vector equation of side AB is

I = (414 5] + 10k) + A(—21 — 2j — 6k)
& vector equation of side BC is
= (21 + 3§+ 4k) + p(-1—§ - 5k) A(4,5,10)

At co-ordinates of D are (x,y,z)
x+2 5 y+3 7 z+4 9
2 T 222 222 2
~ D(3,4,5)
Q3 Sol: Let a,b,c be the dR’s of line passing through the pt(1,1,1)
x—1 y—-1 z-1

2 2

) )

ine - . (1)
i (1)&x—1_y—2_z—3_t "
+ line S =3 =% intersec
~ (@ - 3_1))-(b2Xb1) =0
0 1 2
a b c|]=0=>-14a—-2c)+2(Ba—2b)=0
2 3 4
=>2a—4b+2c=0=>a—-2b+c=0...........(2)
Alsoli (1)&x+2_y—3_z+1_t "
soline ] = 5 = intersec
«~ (@; —ay).(bXby) =0
-3 2 =2
a b c¢c|=0=>-34b—-2c)—2M4a—-c)—22a—b)=0
1 2 4
= —12a-10b+8c=0 =6a+5b—4c=0...............(3)
From (2) & (3)
a —b c a b
= = > — = = —
8—10 —-4-6 5+12 -2 10 17
=~ Reqlineis

x-—1 y—-1 z-1

-2 10 17

Q4 Sol:Let A, B, C are the dR's of Normal to the plane containing the pts

(0,-1,-1),(4,51) & (3,9,4)

D(X,y,2) C(1,2,-1)

B{Z,3,4)
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ZAx—0)+Bly+1)+C(z+1)=0......(i)isreq.plane

Hence A(4—0)+B(5+1)+C(1+1)=0

=444 6B +2C =0 oo (i)
& 34+ 10B+5C=0......(ii0)
A —B C

“30-20 20—-6 40—18

A B C A B C
=S ——n—— = = =
10 —-14 22

5 =7 11
= the plane (i) is
5+ (-7N)y+1)+11(z+1)=0=5x—-7y+11z+ 4 =0
If the pt. (—4,4,4) is on the plane
i.e all the given four pts are coplaner

(iv) Shortest distance between two lines
LEVEL-II

Q1 Sol: (a)Vector form of line l;is ¥ = (i + 2j + R) + X(i -+ E)

Vector form of line I, is ¥ = (21 —j — k) + p(2i +§ + 2k)

~a,—a; =1-3j-2k
b, =1—j+k b, =21+]+ 2k
~ S.D between the line 1; &I, is

(@ — a7). (b;Xb,)

d= A
|b,Xb, |
o i 7 k A
Now, (b,Xby) =[1 —1 1|=1(-2-1)—j(2-2) +k(1 +2)
2 1 2
= —31—0j+ 3k
« |byXb;| =VOF0+9 =3V2
@@, — 7). (b,Xb,) ‘(T—3j—2f<).(—3i—0j+3f<)‘ 340—-6
|b2Xb1| 3v2 3v2
2= ﬂunits

T3z 2

(b)we have, T = (i + 2j + 3k) + A(i— 3] + 2k)
t=(41 + 2p)i + (5 +3p)j + (6 + p)k.
= T = (41 + 5] + 6K) + A(21+3] + k)
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)

~

i+2)+3k ;a, =41 +5] + 6k
i-3j +2k ,bz =21+ 3] +
~a,—a, =31+3j+3k

~ S.D between the line is
(@ — @). (bXby)

i\).)
&9

a;
by

d= —_—
|b,Xb,
R [ A _
Now, (b, Xby) =|1 -3 2|=1(-3-6)—j(1—4)+k(3+6)
2 3 1

= —9i + 3] + 9k
» |boXby| =/(=9)2+32+92 =3V19

_ | @ —aD. (bXby)| _ |(3t + 37 + 3k). (=92 + 3] + 9k) :|—27+9+27
(52XDy| 3V19 3V19
g3
V19
Q2solLetX=t_Y=2_2=3 _,
3 4

dx—4_y—1_ _ 5
an =5 =Z=l.wueun...(2)

1)=x=14+25y=24+35z=3+4A
R)=x=4+5Ky=14+2w;, z=p

line (1)& (2) intersect, then points of intersection concides
“1+2 =445 ,2+3 =142 3+4r=p

= 2A—50=3 .. (3)
BA— 21 = =1 e (4)
4hA—p=-3... )
Solving (3) & (4) we get
A=—-1,pu=-1

This value satisfies eq(5)
= line (1) &( 2)intersect
=~ point of intersection is (—=1,—1,—1)
AA AAA
Q3 Sol:we have, r—(|+J)+k(2|— j+ k), and

5 AAA A A
r=Qi+ j—k)+ u(4|—21+2k)

a,=1+] a, =2i+]-k

. AN A\ AN . A\ AN N\
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~

.’.a;—af:i—k
(@ — @). (bXby)

d =

|b,XD,|
N [ A A _
Now, (b, Xb) =2 -1 1|=1(-2+2)-j4—-4) +k(-4+4) =0
4 =2 2

~ S.D between the line is=0
Q4 Sol: we have, 7= (1 — )i + (¢ —2)j+ (3 — )k and
P=(s+ DI +(2s—1)j+ 2s+ Dk
= 7=(0-2+3k)+t(-i+]—2k)

U

F=0—-j—k)+t@+2—2k)
a;=1—-2j+3k ;a,=i—j— k

— -~ —_— ~

b, =—i+j—2k b, =1+2]—2k

i @)
|b,Xb |
. toj ok
Now,(b,Xb;) =|-1 1 —2|=21—4j-3k
1 2 =2
# [baXbi| = @)%+ (=92 +(=3)? =V29
e (@ — @y). (b2 Xby) _ ‘(j — 4k). (21 — 4] - 312)‘ _ |—4 + 12|
|b,Xb, | V29 V29
Lo
V29
Q5 Sol: Distance between the given || planesis
5—4 1
Bl N e v A

Q6 Sol: The eq. of line passing through the pt(3,0,4)& || to the given line
x—3 y—0 z+4
5 -2 4
« vectoreq is ¥ = (31 — 4k) + A(51 — 2 + 4k)
Given line is ¥ = (1 + 3§ — k) + p(51 — 2j + 4k)
Now, (a; — a;) = (=21 + 3§ + 3k) & b = 51 — 2 + 4k
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d =

(@ — a)X(b)

|b]
N A
Now,(@, —apDX(b) =[5 —2 4
2 3 3

={(—6—12) — j(15 —8) + k(15 + 4) = —181 — 7] + 19k

@ ~aDx(b)] = V(=182 + (=7)2 + 192 = V734

|b| = V25 + 16 + 4=+/45
V734

= —— = 7.75units

V45

(v) Cartesian and Vector equation of a plane in space & conversion of one into another

form

LEVEL I

Q1 Sol: Let A, B, C be the dR's of Normal to the plane
=~ plane passing through originis Ax + By + Cz =0 .......... (1)

* the plane (i) is L1 to X — axis

~ Normal of plane(i) is || toX — axis
A B _C

.'.—:—:—:A

10 0
~A=AB=0,C=0

~ the planeis Ax=0=x=0

v

Q2 Sol:Equation of plane with X, y, z intercepts 2,3,4 is

X[2+y/3+z/4=1

Or 6x+4y+3z=12
Q3 Sol: We have,
- (6i—-37—-2k+1 =0
(61— 37— 2k)=-1
(-D(61-37-2k)=1
(-61+ 37+ 2k) =1
Vector normal to the plane is -6,3,2,

o T 2 T 2 T e 12

Dividing by; /(—6)2+32+22=7

N . . . . =6
Direction cosines of the unit perpendicular to the plane IS—,

N|w
RN

)

Q4 Sol:(a) We have, - (1 +§ — k) = 2 . (i)
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Putt =xi+yj+zk in(i)

-'-(xi+yj+zlA<).(i+i—lA<)=2

= x+ty—z=2

(b) We have, ¥+ (21 +3j— 4k) = 1 ..........(0)
Putt =xi+yj+zk in(i)

L (xi+y)+zk). (21 +3]— 4k) =1

= 2x+3y—4z=1

LEVEL 11
Q1 Sol:We have the position vector of point (5, 2,- 4) as

a =5i"+ 27 —4Kk" andthe
normal vector N perpendicular to the planeas N=2i"+3" — k"
Therefore, the vector equation of the plane is given by (r —a).N = 0
or[r = (5i"+27% —4k")] - 2i"+37 — k) =0_...(1)
Transforming (1)into Cartesian form, wehave
[(x-5)i"+(y —-2)j+Z+49Hk’] - 21"+37 -k)=0
or2(x =5 +3(y —2)—1(z+ 4)=0

lLe.2x + 3y-z = 20

which is the cartesian equation of the plane.

Q2 Sol:normal vector 1 =31 + 5] — 6k

3i+5j—6k

Unit normal vector fi= N

~ eqnofplane *.Hi =p

=17 (30 + 5] — 6K) /V70) =7 = 1. (3 + 5 — 6K) = 770
Q3 Sol:normal vector 1 =i +j —k

da=1-2k

equation of plane through a@ and having normal vector is
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r—a).i=0

= [ = (1-2k)].(i+j—k) =0 is a vector eqn.
Cartesian equation is
[(x—Di+yj+@E+2)k].0+j-k) =0
=x-1D+y—-(=+2)=0

=x+y—z=3

(vi) AngleBetween (i)Twolines (ii)Twoplanes (iii)Line&plane

LEVEL-I
Q1 Sol: Direction cosines of the line with dR's 1,1,2 are

1 1 1

l, = =—  m =— ,n; = —
PV 1zr22 V6 V6 6

Direction cosines of the line with dR’svV3 — 1,—V/3 — 1,4 are

l

2 = » My
(6= s (A=) eV

=~ angle (0) between the lines is cosf = l; I, + mym, + nyn,

V6 V2t Ve vai | VG vz
V-1 ¥3+1, 8 _V3-1 V3+1 8

1 vV3—-1 1 —V/3-1 2 4

T Vevza Vevai Vevzd 1z 12 12
V3-1-V3-1+8_ 6

12 12

_ 1

1
= 0 =cos~ ! (E) = 60°

Q2 Sol: The angle 6 between the line & plane (given)

9—-4+2 7

2

V3-1 _V3-1 _—V3-1
= ——m n, =

7

sinf =

VO+16 +1Vo9+1+4 +14v26 2491
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7
~ 0 =sin"? (—)
2v91

Q3 Sol: The linex’%2 = yT_l = %is 1 to the plane

~3x—-y—2z=7
9 1 -6

'§:_—1:_—2 =0 A =-=-3

Q4 Sol: Given planes are

721"+ 2%-3K) =5 (D
and 7+ (31"-3+ 5K") = 3. (2)
dn’s of normal to plane (1) are < 2, 2,—3 > and dn's of any normal
to plane(2) are < 3,—3,5 >
Let 0 isthe angle between two plane (1) & (2), then

|2x3 + 2(—3) + (—3)x5]|
V22 422 + (—3)2,/32 4+ (—3)2 + 52
B 15 15
C V1WA \5/731
1
0 = cos™! (—)
V731

Q5 Sol:Let 6 be the angle between the line and the norma Ito the plane.

cosO =

Converting the given equations into vector form, wehave
7 = (=1 + 3k) + 2(21 + 3] + 6k)

and 7.(10{+ 2j — 11k) =3

Here,b = 21 + 3] + 6k and 7 = 10f + 2j — 11k

(28 + 3f + 6k). (108 + 2j — 11k)
V22 +32 + 62,/102 + 22 + (—11)2

sing =

sing = | | —=>®_Sln_1(_)

LEVEL-II
QlSol: —-3+4+15+4p=0

4p=—-12=p=-3
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Q2 Sol: Let OADBFEGC be the cube with each side a.

The four digonals OE, AF, BG & CD

YA
f(o'o’a) F(0,a,a)
(@0.a) - ~E(a,3,0
o= B(0.4.0) Y
Z /
a—~0 a—20 a—20
dC’'s of OE = , ,
Va? +a?+a? va? +a?+a? Vva? +a? +a?
_ 1 1 1
V3 'V3'V3

Similarly dC’s of AF,BG & CD are

TV VEVEVE VBBV VBB
Let 1, m,n be the dC's of the given line which make sangle o, B,y & § with OE,AF,BG & CD.

1 1
Then cosa = E(l +m+n).... (1), cosp = \/—5(—1 +m+n)....(2)

1 1
cosy=—{U-m+n).......3),cos6 =—{+m—n)......(4
14 \/§( ) (3) \/§( ) (4)
Squaring & add eq 1,2,3,4
1

cos?a + cos?P + cos?y + cos?§ §[(l+m+n)2+( l+m+n)?+(0-m+n)?+({+m—n)?

1 4

§[4(l2+m +n?)] = 3 PP +mf4nt=1
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(vii) Distance of a point from a plane

LEVEL I
Q1 Sol:Distance of the plane 2x —y + 2z + 1 = 0 from the origin is
1 1
d= = —unit
V2Z+12+22 3
Q2 Sol:  Given line is X;O = y;o = ZEO
2 3 2

-~ point is (0,0,0)

Q3 Sol: Here,= 271+ 5j— 3k,N= 6i" — 3j" + 2Kk'andd =
Therefore, the distance of the point (2, 5,- 3)from the given planeis

(21+55-3k).(61"- 3] +2Kk)-4_ 13
V362+92+42 S 7
Q4Sol: Distance of the plane 2x —y + 2z + 1 = 0 from the origin is

1 1
d= = —unit

VET i 2 3

Q5 Sol: Distance = y/(a —a)2 + (b — 0)2 + (c — 0)2 = Vb2 + ¢2

LEVEL Il
X+2 y+1 z—3

Q1 Sol: wehave—=7=—=7\ ................... (1)

- any point on (1) is Q(-2+3X,-1+2A,3+22)
Point P(1,3,3)
~PQ=5
= PQ2 =25
= (3—-30)?+ (4 —20)? + (-2)0)? =25
= 17202 —=34A=0 = A=0,2
Required points are(—2,—-1,3)& (4,3,7)

Q2 Sol:Eq of line AB i 1s— = YTO 220

Eq of line PM | to given line is

X—3_y—4_z—5_7\ 1
T - 3 =5 - e (1)

Any pt M(say) on the line is
X=A+3;y=2A+4;z=2)A+5

*+ this pt M is also on the given plane
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SA+34+21+44+21+5=2
SA=2-12=-10=>1=-2

apt.M(—2+3,—4+4,—4+5)i.eM(1,0,1)

“PM=(3-1)2+(4—-0)2+(5-1)2
—VITI6716 =36
~ PM = 6 units
Q3 Sol:Let A, B, C be dR’s of Normal to the plane passing
through the pts (3, —-1,2),(5,2,4)& (—1,—1,6)
2Ax=3)+By+1)+C(z—-2)=0...ce... .. (D)

“AG-3)+BR+1)+C(A4—-2)=0

=2A+4+3B+2C=0......(2)
&=—4A+0B+4C=0...ccccc.......(3)

A —B C A B C
o = = - —n= = —
12—-0 8+8 0+12 12 —-16 12
A B C
s — = — = —

3 -4 3
~ planeis

= 3(x—-3)—-4(y+1)+3(z—-2)=0
=3x—4y+3z-9-4-6=0
~3x—4y+3z=19

= distance (d) of that pt(6,5,9) from this plane is

J 3X6—4X5+3X9—19| |18—20+27—19 6 .

= = = units
VO+16+9 V34 V34

Q4 Sol: we have, line

7T =2"="%+2k+ 23"+ 4% + 2k") .......(1)

andthe plane? - (i* = % + k) = 5.......(2)

~ point of intersection of (1)&(2) is
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[21" =7 + 2K)+A@Bi"+ 47 + 2Kk)].(" -+ KkK) =5
> Q+1+2)+A3B—-4+2)=0
=54+A=5=21=0
(1) = point of intersection is(2, —1,2)

Required distance between (-1,-5,-10) and (2, —1,2) is

V32 + 42 + 122 =169 = 13

LEVEL 11
Q1 Sol:Eq of line PM is
x—1 y—-3 z—4
2 -1 1

= A(say)

~ co — ordinates of M are
x=2\+1Ly=—A+3,z=A+4
“ptM(2A+ 1, -2+ 3,1+ 4)isonthe plane 2x—y+z+3 =0
22A+1)—(2A+3)+(A+4)+3=0
S 4A+A+A=-24+3-4-3=-6

aA=-—1

. pt M(—1,4,3) is the foot of the L from the pt(1,3,4)on a plane.

Let P’'(«a, B,y)is the image of P(1,3,4) in the plane

1+« 3+ 4 +

) ) 3
2 2 2

a=-2—-1=-3B=8-3=5y=6—-4=2

-~ image is(—3,5,2)

~ PM =/(=2)2 + 12 + (—1)2 =V6 units
Q2 Sol:Let A, B, C be dR’s of Normal to the plane passing
through the pts (3,-1,2),(5,2,4)& (—1,—1,6)

~Ax—=3)+By+1)+Cz—-2)=0..c . ... (1)
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~AB-3)+B2+1)+C4-2)=0

=2A+3B+2C=0......(2)
&=—4A+0B+4C=0.....ccce......(3)

A —B C A B C
o = = - — = — = —
12-0 8+8 0+12 12 -16 12
A B C
—_ —_—_= — = —

3 -4 3
=~ plane is

= 3x—3)—4(y+1)+3(z—-2)=0
= 3x—4y+3z2—-9-4-6=0
~3x—4y+3z=19

~ distance (d)of that pt(6,5,9)from this planeis

d:|3X6—4X5+3X9—19|:|18—20—|-27—19 _ 6 units
V9+16+9 V34 V34

Q3 Sol:The eq of the plane containing the lines

r=(0+j+k)+2(1+2]—-k)

&t = (1+]+0k) + p(-1+7—2k)

x—1 y—1 z—-0

1 2 -1
-1 1 -2

= =0

S Ex-DEA+D+G-D(2-D+(Z-00+2)=0
= —3x+3-3y+3+3z2—-0=0=>3x+3y—3z=6
S X+y—Z2=2 .. (1)

- Distance of the plane (1)fromthe origin is

—2 2
4= |2 = Zunit
Vi+1i+1 3

Distance of plane 1 from(1,1,1)is
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1+41-1-2 1
d =

————— | = —units
Viti+1 ! 3
(viii) Equation of a plane through the intersection of two planes
LEVEL IlI

Q1 Sol:Let A, B, C are the dR’s of Normal to the plane passing through pt.(1,2,1)
~Ax—=1)+B(y—-2)+C(z—1)=0......(0)
= the plane(i) is L to the line joining the pts(1,4,2) & (2,3,5)
~ dR's of line 1,-1,3
JA_B _C_
1 -1 3
~k(x=1)—-k(y—2)+3k(z-1)=0
“X—y+3z—-14+2-3=0

= x —y + 3z = 2 isreq. plain

Let d is distance of this plane from origin

-2 2
-'-d=| |= units
vi+1+9 V11

Q2 Sol:The plane conating the line of intersection of the planes
Xx+2y+32—4=08&2x+y—z+5=0is
x+2y+3z—4)+2A2x+y—z+5)=0
= 1+20)x+QR+NMD)y+B—-MNz—4+51=0.........(0)

Now, sincetheplane(i)is L totheplane

= 5x+3y+62+8=0
~51+20)+32+M)+6(3-A)=0
~10A+3A—-6A=-5-6—-18 =271 =-29 = 7\:_729
(1 —57—8)x+ (2 —27—9)y+ (3 +?)z—4+ 5(’729) = 0.....(ii)

= —51x — 15y + 50z —28—-145=0
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~ 51x+ 15y — 50z + 173 =0
Q3 Sol:Let a, b, c be the dR’s of Normal to the plane
- eq. of the plane containing the pt(1,—1,2) is
ax—1D)+bly+1)+c(z—2)=0...... @Y
~ plane(1)is L to both given planes

~2a+3b—-2c=0
>a+2b—-3c=0

a —-b c a
—-94+4 —-6+2 4-3 -5

-~ plane is
= -5x-1)+4y+1)+1(z—-2)=0
=—-5x+5+4y+4+z2—2=0=>5x—4y—-z=7

LEVEL 11

Q1 Sol: Let A, B, C be the dR's of Normal to the required plane
= the plane passing through the pt(1,1,1) is
AX—1D+By—1D+CEZ=1) =0 e (D)
Since the plane(i) contains line

F= (=31+]+5Kk) + 31— — 5K)

~A(-3-1)+BA-1)+CG-1=0
= —4A+ 0B+ 4C=0 e (i)
&34A—B—-5C=0..........(iii)

A —B C A B C
o = = = —_—= — = —
0+4 20—12 4—-0 4 -8 4
A B C

1 -2 1

~ Equation of planeis 1(x—1) —2(y—- 1)+ 1(z—1) =0
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=x—2y+z—-1+2-1=0=x—-2y+z=0
~ Equation of planeisx — 2y +z =0
Q2Sol: equation of palne through(1,1,1 )is
ax—1D)+bly—-1)+c(z—1)=0................. (D
Applying the condition of perpendicularity to the planegiven in(1)

with the planes x+2y+3z-7=0and2x-3y+4z=0.
We have, a+2b+3¢=0......... 2)

2a-3b+4c¢=0.......... 3)
Solving (2) & (3) , we get

a b c

17 2 =7
1D)=17x-1D+2(y—-1)-7(z—1)=0
= 17x+ 2y — 72 =12

Q3 Sol:Eq of plain conatining the pts A(0,0,2)& B(3,—1,2)& || to the line is

X 'y z
3 -1 2|=0
1 -4 7

=x(=7+8)—-y(21-2)+z(-12+1)=0
= x—19—-11z=0
Q4 Sol: Any pt. Q(say) on the given line is # = % = Z__: =
- Co —ordinatesof Qarex=A—5y=4A—-3,2=-9A+ 6
Now dR’s of line 1L PQareA—5—2,4A—3—4,-9A+6+1
<A—=74A—7,-9A+7 >
~ PQ L1 to the given line P(2,4,-1)
S1A=7)+4(AA—=7)—=9(-9A+7) =0

= A+16A+81A =7+ 28+ 63 =98

=981 =98 = 2A=1 D

x+5 y+3 z—-6

1 4 -9



-~ pt.Q(—4,1,-3)

X—2
~ Eqof L PQis s

x—2 y—4 z+1
6 3 2
(ix)Foot of perpendicular and image with respect to a line and plane
LEVEL Il
Q1 Sol:Eq of line is
Xx—3 + 4 z+5 x-3 +4 z+4+5
A S WY
2—3 =-3+4+4 1+5 -1 1 6

Eq of the plane conatining the pts (1,2,3), (2,2,1)& (—1,3,6)

x—1 y—2 z-3
2—-1 2-2 1-3
-1-1 3-2 6-3

=0

x—1 y—2 z-3
1 0 -2
-2 1 3

= =0 =>.-2x+y+z—-3=0 ...(2)

Any pton the line(1) is
Xx=—-A+3;y=A—-4;z=6A-5
*+ this ptis also on the plane(2)
—2(—A+3)+(A—-4)+(6A-5—-3=0
L2 +A+6A=6+4+8=18
SA=2

=~ the pt of intersection of line &plane is (1, —2,7)

x=—-2+4+3=1
y=2—4=-2
z=12-5=7
Ans: (1,-2,7)

Q2 Sol: Any pt the M(say) be foot of L from P on the given line . M
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x=3A+6;y=2A+7 ;z=-2A+7 P(1,2,3)
DR'sof PMare (3A+ 5,21+ 5,—-2A+ 4 )
~3(BA+5)+2(20+5)—2(-21+4)=0
=O9A+4A+41=-15-10+8=-17

2> 17A=-17=>1=-1

= the pt M(3,5,9) M

Let A, B, C be the DR’s of Normal to the plane conatining the line 3 2 -2-2

& the pt(1,2,3) is

AX—1D)+By—2)+Cz—3) =0 cee e e vee e . (1)

~ the plane(1) is conating the given line

“ABG-1D+B(Z=2)+C(7-3)=0
SA+5B+4C=0 ovueerceen..(2)

Als03A+2B—2C=0........(3)

A -B C A B C

" T10-8 -10-12 10-15 —18 22 =5

~ planeis —18(x— 1) + 22(y—2) —5(z—-3) =0
= 18x—22y+5z+11=0

Q3 Sol:Eq of line PMis === = X2 = 2 =}

P(3I_2I1)

Any pt. M(say) on PP'is
x=3A4+3;y=—2A-2 ;z=41+1

> the pt M is also on the given plane

~23BA+3)—-(—A-2)+4(4r+1)—-2=0
3x-y+4z-2=0

= OA+A+16A=-9—-2—-4+2=-13 P (a, B,7)

1
= 267\=—13:>7\=—§
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: tM(_3+31 2 2+1)
"p 2 J2 )

: tM—<3 3 1)
“p _2121

If P'(a, B,v)is the image of the point P(3, —2,1)

34+a 3B-2 -31+y

2 2 2 22 1
~a=0p=-1y=-3
~ ptis(0,—1,—-3)
LEVEL-III
Q1 Sol: Equation of line BC :¥ = YTJ = % =2

Coordinate of M are (4+A ,7+ 2,1 — 2A)

Dri’sof M<3+A,7 4+ 2A, —2 — 2A >

Dr’s of BC <1,2,-2>

SAMLBC = B+ D) +2(7+20)—2(-2—-20) =0

= A=—
3

57 17

Coordinate of foot M(3, 7, )
yHl _z43 _ 5

Q2 Sol: Let X2 =
3 -1 2
. co — ordinatesofMare( 2+3A, —1 — A, =3 + 21)

Dri’sof PMis<1+3A,1— A, —4 4+ 2A >
Dr’s of line <3,-1,2>
~ lineis 1 toPM

231+30) -1 -D+2(-4+20)=0
— }\=7

~ co — ordinate of M are (2+3.§, -1- %, -3+ 2.%)

-10 -15

. 23
LeM (==

Let P(qa, B,v) be the image of point P on line
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~ M is the mid point of PP’

14a 23 —2+p -10 1+y -15

2 7 2 7 2 7
¥.g=226.,=%
O(_7’3_7’](_7
Required image is (? _76_737)

Q3 Sol: Vector normal to plane &t = 121 - 4] + 3k
Equation of plane through (12,-4,3) is
(f—3).n=0

3= 121-4+ 3k

o [F—(121-4)+3k)]. (121 -4+ 3k) =0

r.( 121 —4j + 3k)=169

putt = xi +yj + zk then,

12x — 4y + 3z = 169

Q4 Sol:Eq of line PM is

=1 aGsay)
~ co — ordinates of M are

X=2A+3,y=—-A+2,z=A+1

“ptM(2A+3,-A+2,A+ 1) isontheplane2x—y+z+1=0

200+ 3)—(-A+2)+ A+ 1D +1=0

S4A+A+A+6-2+14+1=0

SA=-—1

~ pt M(1,3,0) is the foot of the L from the pt(3,2,1)on a plane.

Let P'(«o, B,v) is the image of P(1,3,4) in the plane
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3+a 2+ 1+

" _— ,20

a=2-3=-1=6-2=4y=-1

-~ image is (—1,4, —1)

© PM = /(4)2 + (—2)% + 22 =24 = 2V/6units
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CHAPTER-11
LINEAR PROGRAMMING

(i) LPP and its Mathematical Formulation

LEVEL I

QL1 Sol: Let the dietician mix x Kg of food ‘I’ with y kg of food ‘II’. Then, the mathematical

model of the LPP is as follows:
MinimizeZ = 50x + 70y
Subjectto 2x +y > 8
x+2y =10

x,y=0

(i1) Graphical method of solving LPP (bounded and unbounded
solutions)
LEVEL I
Q1. Minimize Z = —3x + 4y
Subjecttox + 2y <8...... (1)

3x+2y <12 ... (i)
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Corner Pts. Z
(0,0) 0
(0,4) 16
(4,0 -12(Minimum)
(2,3) 6
YI
Q2.Sol Maximize Z = 5x + 3y
Subjectto 3x + 5y < 15...... (1)
5x +2y <10 ....... (i1)
x=20,y=0
XI
(2)0) (5,0)
3x + 2y=_15
+2y =10

YI
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Corner Pts. Z
(0,0) 0
(0,3) 9
(2,0) 10
& 4_5) 235/19(Maximum)
19”19
Q3. Sol: Minimize Z = 3x + 5y
Subjecttox + 3y = 3...... (1)
xX+y=2 ... (i1)
x=20,y=0
Y
XI
Corner Pts. Z

x+y=2

x+3y=3
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0,2) 10

(3,0) 9

(E,l) 7(Minimum)
2°2

Diet problem

Q1 Sol:

Vitamins (200x
AIQ units)

Food X(x units)

Minerals
(x units)

YI

LEVEL 1

Calories 40x

200x + 100y = 4000 = 2x +y = 40 ... (i)

x+2y =50 ...

Fogrd Y(y units)

Calories 40y
Vitamins 100y

units

Minerals

2y units

40x + 40y > 1400 = x +y > 35 ... (iii)

=~ The given L. P. P is Minimize z = 4x + 3y

Subject to the constraints

=>2x+y=>40..(i)




Corner pt.z = 4x + 3y

(0,40) 120
(5,30) 110 (minimum)
(20,15) 125
(50,0) 200

=~ zismin. at(5,30)
~ FoodX = 5units&FoodY = 30 units
MinimumCost = Rs 110

Q2. Sol: Suppose x grams of wheat &y grams of rice are mixed in the daily diet

The given L.P.P is minimize z = —— + —~
1000 1000
Subject to= + = > 50 ... ... .. ... (i)
10 20
X .y ..
St32 200 ............. (ii)
x=20,y=0

(0,1000)

(500,(\

Z+2 =200
Corner Pts. z 4 2
(800,0) 3.2 b . v
(400,200) 2.8(Minimum) 0t 20=50
(0,1000) 6
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MANUFACTURING PROBLEM
LEVEL 1

Q1. Sol: The given L.P.P is maximize z = 6x + 8y
Subject to 2x+y <30........(i)
X+2y<24........(ii0)

x=20y=>0

(12,6)
(24,0)

I I(l O)I \
x+2y =24

2x+y =30

~ Maximum Profit is Rs 120 for 12 units of article A & 6 units of article B
Q2The given L.P.P is maximize z = 20x + 15y

Subject to 5x +3y <500............(0)

177



x <70,y <125

x=20,y=>0

(0,170)

S\‘(25,125)

-IT- (70,50)
ijOIO)
| | | l l

0 I(70.0) '

~ Max Profit is at(25,125)

~ Product A = 25units & Product B = 125 units
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LEVEL I

Q1: Sol: The given L.P.P is maximize z = ox Xy
100 100
Subjectto 2x +y < 60
x <20
2x +3y <120
(30,20)
(0,40)
(20,20)

(20, 0)\
2x + 3y =120

~ Tosetmax.profit

CupA = 15 units&cupB = 30units

ALLOCATION PROBLEM
LEVEL 11
8x 10_y

Q1 Sol: The given L.P.P is maxz = — +
100 100
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Subjectto x +y < 70,000

x = 10,000, y = 30,000

10,000 , 60,000)

(40,000, 30,000)

y=30,000

-+ (10,000 ,30,0000)

x+y=70,000

Max. Annual income =Rs 6800

Investment in Bond A=Rs 10,000

Investment in Bond B=Rs 60,000

Q2 Sol: The given L.P.P isMinz = 400x + 300y

Subjectto x + 2y > 120
3x +4y =200
2x +y =150
x=0,y=0
To minimize the cost
Refinery A runs =60days

Refinery B runs =30days
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(0,
m\/

75,0)

(120,0)

2x+y=15

3x+4y=200

LEVEL I

Q1 Sol: The given L.P.P is maximize z = 500x + 350y

Subjectto x + y < 250

To set max Profit

There should be 1;—5

= 62 executiveclasspassengers

375

(O,Z$‘\

+2y=120

- = 188 Economycla®4Pass

engers 72

X=25

I
I 100

|
1200
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TRANSPORTATION

LEVEL llI

Q1 Sol:

70-(40-x)-(40-y)
=-10+x+y
The given L.P.P is minimize
z=5x4+4(40—-x)+4y +2(40—-y)+3(60 —x —y) +5(=10+ x + y)
=3x+4y + 370
Subjecttox +y < 60
x <40,y <40

x+y<10,x=>0,y =0

182



(0,10

(10, 40

x+y=10
x+y=60

Minimum transport cost =Rs 400
From Ato P, Q&R . The no of packets transported 10,0,50 respectively

From B to P, Q &R, The no. of packets transported 30,40,0 respectively
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TOPIC 12
PROBABILITY

(i) Conditional Probability
LEVEL |
Q1:P(A)=0.3,P(B)=.2

A & B ARE MUTUALLY EXCLUSIVE

(ANB) =0

B/ \_P(4nB) _
P(®/ W= =
Q2: Total no of balls =3R+5W

P(drawing 2 white balls)=-2 = =
2

LEVEL Il
Q1:5={(1,5),(2,4),(3,3),(4,2),(5,1)}
Favorable events={(2,4),(4,2)}
Reqd. Probality=§

LEVEL 11

Q) P(A)=3, P(B)=3 P(A nB)=1/,

P(ANB) _ P(AUB)° _ 1-P(AUB) _

P(A/B) ~ TP 1-P(B) ~ 1-P(B)

4

P(ANB)
P(A)

(if)Multiplication theorem on probability

LEVEL Il

PC) = -1

o wlw | w

Q1: Total no of balls =5W+7R+3B
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876 _ 8

. 8C
P(None of balls is red)=—2= = =
15C3 15.14.13 65

Q2: P(A)=" P(B)=;

PA)=1-2=2 P(B)-2

P (Atleast one of them will hit the target)
- -1 _Ay2_q1_8_1
= 1-P(none)=1 7X3 =1-5;= -~

P(only one hit the target)=P(A).P(B) +P(A) P(B)

224
7

w N
N
wWlkr

6 4 10

2172121
LEVEL Il

Q1:Consider the following events:

A= Selecting a fair complexioned student;

B =Selecting a rich student;

C =Selecting a girl.

WehaveP (A)= P (B)=zand P(C)==

Since A ,B, C are independent events. Therefore ,

Required Probability =P(A) P (B) P (C) =5 Xz X = =—

Q2: Given numbers are 1,2,3,4,5,6,7,8,9,10,11

Odd numbers=6

Even numbers=5

Sum is even if both nos are odd or both numbers are even

562"'662:10"'15:25

Both nos are odd can be selected in
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=6C,=->=15

Required Probability=£ = g

(iii) Independent Events
LEVEL |

Q1:S={HHH,HHT,HTH,THH,TTT,HTT, THT,TTH}
E= {HHH,HHT,HTT,HTH}
F= {TTT,THT,HTT,HHT}

EN F ={HHT HTT}

41 41
P(E)=3=5, P(F)=3=;

2 1
[P(E NF) = P(E).P(F) =2 =7

E And F are independent events.

Q2:P (A)=P(B)= P(AU B) =~

P (AUB)=P(A)+P(B)-P(AN B)

3 1 2 3+8-9 1
7=7t3 PANB)=PANB) =—F—==
NOWP(A).P(B) = ig = %YES, A & B are independent
03: P(A) = 0.35
P( AUB)=0.60

P(An B) = P(A).P(B)

Since A & B are Independent events.
P(AUB)=P(A)+P(B)-P(AN B)
.60=.35+P(B)-0.35XP(B)
0.60=.35+P(B)(1-0.35)
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0.60-.35=P(B)(.65)

= P(B).

(iv) Baye’s theorem, partition of sample space and Theorem of total
probability

LEVEL I
Q1 Bag 1 Bag 2
Total noof Ball 6R+5B 5R+8B
Case 1 Red Ball transferred = bag 2 has 6R+8B
Case 2 Blue Ball transferred = bag 2 has 5R+9B

8Cy 4 6C1 _ 48

Case 1 P (Blue ball from bag 2) e Tic = Toa
1 1

9C; 4 5C; _ 45

Case 2 P (Blue ball from bag 2) e Tic. = Toa
1 1

93
Required Probablllty—— + ﬁ = Toa

Q2: letE, E,, E3, E4 are the events that lost card is a diamond , heart, spade ,
club respectively

Let A be the event of getting two Hearts Cards from the remaining 51 cards

=P(Eyy = P(E2)=P(E3)=P(E4)=;_Z=l
4

13c2 _ 126,
And p (A/Ey y o2 PA/E,)=g -
13c2 13Cz

P(A/E3) -

= AND P(A/E4)=

Required Probability =P(E, /A)

P(E2).P(A/E2) _11
P(El)P( )+P(EZ)P( )+P(E3)P( )+P(E4)P( )50
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Q3 : let E; E;, be the events of selection of a Scooter and a motorcycle

Let A =event that the insured vehicle met an accident.

2000 2
PEL)=5550 = 5
3000 3
P(E2)3000 = 5

~Required Probablity =P(E, /A)

_ P(E;).P(A/E;)
P(E1).P(A/E1)+P(E2)P(A/E3)

3
4
Q4: Purse 1 purse 2
25+4C 45+3C

let E; &E,, be the events of selection of aPurse 1, Purse 2 respectively
1
P(E)=P(E, =
=~ Probality( of getting a silver coin from pursel) + P( of getting a silver coin from purseZ2
Zylytyl
6 2 7 2

19
T 42

2 L1
Q5: Boys = G|rls—3
P(of a girl getting first class)=0.25

P(of a boy getting first class)=0.28

~Required Probablity==% = §X0.28 + §X0.25 = :Tlo =.27%
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LEVEL 11

Q1l: | compartment Il compartment
3-fifty paisa coins 2- fifty paisa coins
+2 one rupee coin 3 one rupee coins

: ity=2xlg iyl
~Required Probabllty-SX2 + 5X =5
Q2: letE; &E,, be the events of selection of a Men & women Orater
1
P(E1) =
1
P(E2) =

- . 5
Probability of good orator in men =750

- . 25
Probability of good orator in women =750

1 5

1,5 2
P(that male orator is selected) =s—2"20——==

Zx ke
2 100 2 1000

Q3: Plant 1 Plant 11
60% 40%
S=80% S=90%

~Required Probablity OF Selected Cycle of standard Quality from Second pant

40 90

_ 100 100
— 20 90 60 80

100 100 100 100
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Q1: London

2
Favourable outcomezg Favourable outcome = -

LEVEL 11

Clifton

Q) ~.Required Probability it comes from

22
London =532 = —
£*1+l*l 17
52 6 2

(i)  ~Required Probability it comes from

11

Clifton =62 = >

21 11
el Mt 17
5 2+6 2

Q2 let E; = the person has disease

E, = the person selected does not have disease

A= test is positive

We have

p(E;) = 0.002, p(E,) = 0.998p (A/E; , ~0.90 ,P(A/E,)=0.01

Required Probability =P (E, /A

_ P(E,).P(A/Eq)
P(E;).P(A/E1)+P(E;)P(A/E3)

_ 0.002+%0.90
0.002%0.90+0.998+0.01

_ 18 10000
710000+ 1178

=0.15

Q3: Consider the following events :

E;=Box | choosen
E,=Box Il choosen
Es=Box Ill choosen

A=The coin drawn is of gold

1
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P(E1) = P(E2)= P(Ea )=

P(A/E;)=1 P(A/E2)=0 P(A/Es):%

1

= X1 2
P(EVA) =r—— =

1 1.1
= X1 +ZX0+5X>
3 3 3 2

(v) Random variables & probability distribution Mean & variance of

random variables

LEVEL |

Q1 p= probability of getting a spade card

BB_1

52 4

3
q=1-p=;
X 0 1 2
P(x) — 5 1
16 16 16

Q2:p= apple is defective =— = =

:p= apple is defective =—- =

14
= 15753
X 0 1 2
P(x) 28 24 24
57 57 285

Q3 Var(x) =?
X P(x;) X pixi’p;
2 3 .6 1.2
3 4 1.2 3.6
4 3 1.2 4.8
Total 3.0 9.6
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Var(x)=X(x:)?p; — [ (x;p)*)] = 9.6 — (3.0)*> = 0.6

3 1
Q1Sol: P (H) = - P(T)=,
1 1 3
Pl =g
X 0
P(X) 261
16 16 16
Q2 n=5
np+npg=1.8

S5p+5p(1-p)=1.8
5p+5p-5p°=1.8
10p-5p° =1.8
5p®-10p+1.8=0

_ 10£v100-36

B 10

18 .
=P=— not possible
10

1 4
q:]_-p:l — E = E
~Probabality distribution
(2L Ly

£+

4 8
Q3np=;, npa=;

wlslolo

2
3

Level Il

_(10£8) 18 2

10 10’10
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n=4
Px=1) =1—-p(x=0)
= 1-4¢cyq*p°
4
()
_{_16_81-16_65

81 81 81

(vi) Bernoulli,s trials and Binomial Distribution
LEVEL II

Q1l:p=probability getting even no=%

P (getting even no exactly 3 times)

5C3 q5—3p3

25 (1\>(1\3> 10 s
T 2322 (E) (E) 32 16
Q2: p= prob of success =§.q =1—-p= %

P(at least 4 successes)=p(x=4)+p(x=5)+p(x=6)

=6C,q°p* + 6¢5qp° + 6¢4p°
LHO O OO
=) @62+

1516 632 | 64 _ 240+192+64
T 36 36 ' 36 36

496
“729

Q3: Sum 9 will be in(3,6),(4,5),(5,4),(6,3)

. 4 1
p= getting sum as 9—§ =35
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1 8
q—l- ; = g,n-ZOO

Mean=np, Variance=npq
= 200* ¢ = 200* *2
9 9 9

200 1600
- 81
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